140a Lecture 12, 2/19/19

* Week 7 reading: Blundell4+Blundell, chapters 20 21.

e Next topic: the partition function Z = Y _ e #¥~ where 8 = 1/kgT. A powerful
starting point for computing the various state variables of a system if you know the energy
levels. In classical physics, the sum over energy levels is actually an integral over the (g, p)
phase space — we will discuss this case shortly. For quantum systems that are bound, the
sum is over the discrete energy levels of the Hamiltonian — we will discuss such cases first.
We will first discuss the case of a single particle in thermal equilibrium with a heat bath
at temperature 7', and then extend to many particles. Note that if we have two decoupled
systems, with energy levels E! and Eé, then Z;,; = Z17Z5, so In Z is extensive.

e Example: two state system, with energy levels €y and €;: Z = e P 4 e Fa =
e~ Peave cosh(BA/2), where €4pe = (€0 + €1) and A = €1 — €.

e Quantum SHO: E, = (n + ihw) so Z = e Pe/235°% emnhw — e_%’gh“’(l -
e~ Phe)=1 For low temperature, Shw > 1, then Z = e_iﬁh” i.e. the system is in the
groundstate. For high temperature, fhw < 1, get Z ~ 1/5w = Z.;. We compared to a clas-
sical SHO: Z. = [ Me‘ﬁ(mp +3me’s®) Qo 7, = h™ W2rmkT \/2nkT /mw? = 1/Bhw.

e N-level (equally spaced) system: Z = ZN Lemibhw — (1 — ¢~ NBhw) /(] — g=Bhw),

e Rotational energy levels Ej = h?J(J +1) with 2J + 1 degeneracy: Z = S o2+
1)e—ﬁh2J(J—|—1)/21'

e Show that U = —dInZ/dS = kgT?dIn Z/dT.

e S=—kpy , PInP,=kg)  P(SE;+InZ)=(U/T)+kplnZ.

=U-TS = —kplnZ, ie. Z = e P¥. Then S = —(Z5)y = kplnZ +
k:BT(aan) . Also Oy = T(28)y = kpT[2(22) + T(Z8Z)y].

.p:_(g_g) kBT(aan)T.

o H=U+pV = kgT[T(%5 )v + V(%47

e G=F+pV =kgT[-InZ+V(ZBZ);].

e Consider the two-level system with €4 = 0. Z = 2cosh(BA/2), then U =
—+£InZ = —45 tanh(8A/2), and Cy = (dU/dT) = kp(BA/2)%sech®(BA/2) and F =
—kpTInZ = —kpTIn(2cosh(BA/2)) and S = (U — F)/T = —(A/2T) tanh(BA/2) +
kp1n[2cosh(BA/2)]. Note that S(T" — 0) — 0 (i.e. © — 1 the groundstate) and
S(T — o0) — kpln2 (since Q — 2, both states are equally likely at high T"). Plot

Cy /kp as a function of kgT/A: zero at low and high temperature, with maximum at
T = A/kp the “Schottky anomaly.”



