
1/23/17 Lecture 4 outline

Rµν − 1
2Rgµν = 8πGTµν ; so Rµν = 8πG(Tµν − 1

2Tgµν). (1)

• Consider weak field limit, so gµν = ηµν + hµν with hµν small, and linearize in hµν

e.g. gµν ≈ ηµν − hµν and

Γρ
µν ≈ 1

2η
ρσ(∂µhνλ + ∂νhλµ − ∂λhµν).

And we can drop the ΓΓ terms in the Riemann tensor, so

Rµνρ
σ = ∂νΓ

σ
µρ + Γα

µρΓ
σ
αν − [µ ↔ ν] ≈ ∂νΓ

σ − [µ ↔ ν],

Rµνρσ ≈ 1
2
(∂ρ∂νhµσ + ∂σ∂µhνρ − [µ ↔ ν]).

Rµν ≈ 1
2(∂

σ∂νhµσ + ∂σ∂µhνσ − ∂µ∂νh− ∂2hµν),

R ≈ ∂µ∂νh
µν − ∂2h.

Plug in to get Gµν = Rµν − 1
2
ηµνR. It looks slightly nicer if expressed in terms of h̄µν ≡

hµν − 1
2
ηµνh.

Gauge freedom: two metrics are equivalent if they differ by a diffeomorphism (an

invertible map, i.e. a coordinate change). An infinitesimal diffeomorphism is generated by

xµ → xµ + ξµ(x), gµν → gµν + ∂µξν + ∂µξν . So hµν → hµν +2∂(µξν) is the linearized limit

gauge transformation. The linearized Riemann tensor is invariant: δRµνρσ = 0 thanks to

cancellation among the terms from the antisymmetrized indices. It is conventional to write

h00 ≡ −2Φ, h0i ≡ wi, hij = 2sij −2Ψδij , with sij ≡ 1
2 (hij − 1

3δijh) and h ≡ δijhij ≡ −6Ψ.

Defining also Gi ≡ −∂iΦ− ∂0wi and Hi ≡ ǫijk∂jwk, the geodesic equation gives

dpµ

dλ
+ Γµ

ρσp
ρpσ = 0 → dpµ

dt
=

dλ

dt

dpµ

dλ
= −Γµ

ρσ

pρpσ

E

and the spatial terms can be

dpi

dt
= E

(

Gi + (~v × ~H)i − 2(∂0hij)v
j − (∂(jhk)i − 1

2
∂ihjk)v

jvk
)

and the first two terms remind one of the Lorentz force law of E&M.

By taking ∂2ξµ = −∂σh̄σµ, we can set ∂ν h̄µν = 0. This is the analog of Lorentz gauge

in Maxwell’s equations.
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Consider first the static, Newtonian limit: Tµν ≈ diag(ρ, 0, 0, 0), so

R00 = 8πG(T00 − 1
2
Tg00) ≈ 4πGρ.

Using the gauge transformation, pick gauge such that

0 = gµνΓρ
µν → ∂µh

µ
λ − 1

2∂λh = 0

and then the linearized Einstein’s equations Gµν = 8πGTµν become

∂2hµν ≈ −16πGTµν , hµν ≡ hµν − 1
2ηµνh.

If T00 = ρ is the only non-negligible component of Tµν get hi0 ≈ hij ≈ 0 and then

ds2 ≈ −(1 + 2Φ)dt2 + (1− 2Φ)d~x · d~x.

use Rρ
σµν = ∂µΓ

ρ
νσ +Γρ

µλΓ
λ
νσ − (µ ↔ ν), in the static Newtonian limit to get R00 ≈ Ri

0i0 ≈
−1

2
∇2h00 = ∇2Φ, so the Newtonian limit checks: ∇2Φ = 4πρ.

In the weak field, Newtonian limit: dxi

dτ
≪ dt

dτ
≈ 1, so geodesic equation becomes

d2xµ

dτ2
≈ −Γµ

00 = 1
2g

µλ∂λg00 ≈ −∂µΦ.

Get the Newtonian limit, with e.g. Φ = −GM/r.

Geodesic deviation:
D2

Dτ2
δxµ = Rµ

νρσ

dxν

dτ

dxρ

dτ
δxσ.

Here we get

D2

Dτ2
δxi ≈ Ri

00jδx
j = −Ri

0j0δx
j ≈ −∂i∂jΦδx

j = −δ(∂iΦ),

fitting with the Newtonian picture that ~a = − ~∇Φ.

• Linearized Einstein equations continued (for general Tµν). Names for components,

h00 = −2Φ, h0i = wi, and hij = 2sij−2Ψδij . Then Γ0
00 = ∂0Φ, etc. The geodesic equation

(taking λ = τ/m for massive particles)

dpµ

dλ
+ Γµ

ρσp
ρpσ = 0
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then gives, using p0 = dt/dλ = E and pi = Evi,

dpµ

dt
= −Γµ

ρσ

pρpσ

E
,

or in components

dE

dt
= −E(∂0Φ + 2(∂kΦ)v

k − (∂(jwk) − 1
2∂0hjk)v

jvk),

(giving energy exchange between the particle and gravity) and

dpi

dt
= E[Gi + (~v ×H)i − 2(∂0hij)v

j − (∂(jhk)i − 1
2∂ihjk)v

jvk]

where Gi ≡ −∂iΦ− ∂0wi, and Hi ≡ ǫijk∂jwk.

• Coordinate transformation, δhµν = ∂(µǫν) similar to gauge transformations in E&M.

Can pick convenient gauges, e.g. set Φ = wi = 0. The scalars Φ and Ψ are would-be scalars,

but aren’t physical. Neither is the would-be spin 1 component wi. The only physical dof

are the spin s = 2 quadrupole components sij . This looks like 2s+1 = 5 components, but

there’s still more gauge redundancy. Actually, only 2 independent physical polarizations.

Counting: hµν has 10 polarizations, minus 4 for δxµ = ǫµ(x) symmetry, minus another 4

for the longitudinal condition, gives 2. Gauge symmetry “cuts twice,” like in E&M where

we have 4− 1− 1 = 2, here we have 10− 4− 4 = 2.

• Gravity waves in empty space. Take Tµν = 0 in Einstein’s equations, and linearize

them to get ∂2sij = 0. Call hTT
µν = 2sij for the i, j components and zero otherwise. Write

a plane wave solution, hTT
µν = Cµνe

ikx, which solves the wave equation for k2 = 0: the

graviton is massless. To keep it transverse (eliminate gauge dof), need kµCµν = 0. Taking

kµ = (ω, 0, 0, ω), find, 2 independent polarization components, C11 = h+ and C12 = hX . A

ring of particles in the x− y plane will oscillate in a + shape in reaction to a gravitational

wave with h+ 6= 0, and hX = 0. A gravitational wave with hX 6= 0 and h+ = 0 will cause

them to oscillate in a X pattern. Can define hR,L = (h+± ihX )/
√
2 circular polarizations.
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