
3/13/13 Lecture outline

• Last time: S = Smatter + Sfield + Sint, where A
µ appears in

Lfield = −
1

16π
FµνF

µν , Lint = −
1

c
AµJ

µ.

We discussed how spacetime translation symmetry, xµ → xµ + ǫµ is related to con-

servation of Pµ = (H, c ~P ), which are the conserved “charges” associated with the locally

conserved “currents,” the stress-energy tensor:

Pµ =

∫
d3xTµ0 conserved ↔ ∂νT

µν = 0.

As we discussed, the relation between the conservation law and the symmetry is Noether’s

theorem:
d

dxµ
L =

d

dxν

(
∂L

∂(∂νAλ)
∂µAλ

)
+

∂L

∂xµ

which implies

∂νT
µν = −

∂L

∂xµ
, Tµν

field =
∂Lfield

∂(∂νAλ)
∂µAλ − gµνLfield.

• Time out, for a bit more detail about the stress-energy (also called the energy-

momentum) tensor. The amount of energy and momentum in an volume V is given by:

Pµ =

∫

V

d3xTµ0.

So the time derivative is

d

dx0
Pµ(x0) =

∫

V

d3x∂0T
µ0 = −

∫

V

d3x∂iT
µi = −

∫

∂V

Tµidai

where dai is the area element pointing along the outward normal. So T 0i = Si is the

Poynting vector, the energy flux. Likewise, T ij is the force per area, that we studied

before. Recall that the electromagnetic force on the charges in a volume V is given by the

Lorentz force law:
d

dt
~Pmatter =

∫

V

d3x(ρ ~E + c−1 ~J × ~B)

Recall also that the field momentum in the volume V has

d

dt
~Pfield =

∫

V

d3x
∂

∂t

~E × ~B

4πc
.
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As we discussed before, the conservation of total ~Ptot = ~Pfield + ~Pmatter follows from

Maxwell’s equation,

0 = ρ ~E +
1

c
~J × ~B +

∂

∂ct
~S/c+ ∂iT

ij
fieldê

j .

• OK, back to where we left off. Obtain

Tµν
field = −

1

4π
FµλF ν

λ +
1

16π
gµνFαβF

αβ .

Aside: we added an improvement term ∂λψ
ννλ with ψµνλ = 1

4π
FµλAν , which was needed to

make the stress tensor properly symmetric (needed for conservation of angular momentum,

using Mµνλ = xµT νλ − xνTµλ. The improvement term is also needed to make Tµν
field

properly gauge invariant. Verify that the components agree with what we found before.

Using Maxwell’s equations, we find

∂µT
µν
field = −

1

c
F νλJλ.

For the matter part, using the Lorentz force law, we’ll show that

∂µT
µν
matter = +

1

c
F νλJλ.

For example, we recognize ∂
∂t
Ematter = ~J · ~E. So the total Tµν

tot = Tµν
field + Tµν

matter is

conserved, ∂µT
µν = 0. Let’s discuss the matter part more, treating it as a collection of

point particles of mass mn, at positions x
µ
n. Then T

µ0 =
∑

n cp
µ
nδ

3(~x− ~xn(t)), so

Tµν
matter =

∑

n

pµn
dxνn
dt

δ3(~x− ~xn(t)) =
∑

n

c2
pµnp

ν
n

En

δ3(~x− ~xn(t)).

(Aside: c2Tµν
matter = ǫuµuν , where ǫ is the energy density, ǫ =

∑
mnc

2γ−1δ3(~x−~xn). Then

∂µT
µν
matter = ǫuµ∂µu

ν , since matter conservation gives ∂µ(ǫu
µ) = 0. ) Note that

∂

∂xi
T iν
matter =

∑

n

pνn
dxin
dt

(−
∂

∂xin
)δ3(~x− ~xn(t)) =

∑

n

pνn(−
∂

∂t
)δ3(~x− ~xn(t))

= −
∂

∂x0
T 0ν
matter +

∑

n

(
d

dt
pνn(t))δ

3(~x− ~xn(t)),

So

∂µT
µν
matter =

∑

n

dpνn
dt

δ3(~x− ~xn(t)) =
1

c
F νλ

∑

n

qn
dxλn
dt

δ3(~x− ~xn(t)) =
1

c
F νλJλ

To summarize, we see how Tµν
tot is conserved, and how the field contribution can be

understood directly from the Lagrangian and Noether’s method.

• Aside: in the rest frame of a fluid, Tµν = diag(ǫ, p, p, p), where ǫ is the energy

density and p is the pressure. The relativistic expression in a general frame is then

Tµν = (ǫ + p)u − pgµν . Note that Tµ
µ = ǫ − 3p and one can show a viral theorem

ǫ− 3p =
∑

nmnc
2
√

1− v2n/c
2. For massless particles, ǫ = 3p. For vacuum energy density

(cosmological constant), Tµν ∼ gµν , so ǫ = −p.
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