
3/11/13 Lecture outline

• Recall Aµ = (φ, ~A), jµ = (cρ,~j). Lorentz force law:

dpµ

dτ
= fµ = γ

dpµ

dt
= γ(q ~E +

q

c
~v × ~B) =

q

c
Fµνuν .

The time component gives the power: γ dE
dt
. Maxwell’s equations: ∂µF

µν = 4π
c
Jν and

∂µF̃
µν , where F̃µν = 1

2
ǫµνρσFρσ, or equivalently ∂µFρσ + ∂ρFσµ + ∂σFµρ = 0; we solve the

latter via Fµν = ∂µAν − ∂νAµ. Using transformation Fµ′ν′ = Λµ′

µ Λν′

ν Fµν , find

~E|| = ~E′
||,

~E⊥ = γ( ~E′
−

~v

c
× ~B′)⊥

~B|| = ~B′
||,

~B⊥ = γ( ~B′ +
~v

c
× ~E′)⊥

• Moving point charge: Jµ = cρ dxµ

dx0 , which is a 4-vector because ρ and dx0 transform

the same way. Likewise, ρ = qδ3(~x − ~x0) makes sense, with q Lorentz invariant. E.g.

δ4(xµ − x
µ
0
) is Lorentz invariant, and δ(t− t0)dt is Lorentz invariant. The term −

q
c
Aµdx

µ

in the point particle world-line action can thus be written as a spacetime volume integral

−
1

c

∫
d4xAµJ

µ, which is Lorentz invariant. Note d4x is Lorentz invariant and ǫµνρσ is

Lorentz invariant for the same reason, mentioned last time: det Λ = 1.

• Lorentz invariants: FµνF
µν = 2(B2 − E2) and Fµν F̃

µν = −4 ~E · ~B. Note that if

~E · ~B = 0, then there is a frame where the field is entirely ~E′ or entirely ~B′, depending on

the sign of FµνF
µν .

• Maxwell’s equations as a field theory:

Sfield =

∫
d4xLfield, Lfield = −

1

16π
FµνF

µν

where we impose Fµν = ∂µAν − ∂νAµ. The field interacts with charges via

Sint = −
1

c

∫
d4xAµJ

µ.

Varying Aµ → Aµ + δAµ and requiring that the action be stationary gives Maxwell’s

equations.

• The total action is S = Sfield + Smatter + Sint. Spacetime translation symmetry,

xµ → xµ + ǫµ is related to conservation of Pµ = (H, c ~P ). We saw that electric charge

conservation is equivalent to ∂µJ
µ = 0. Likewise, conservation of Pµ is

Pµ =

∫
d3xTµ0 conserved ↔ ∂νT

µν = 0.
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The relation between the conservation law and the symmetry is Noether’s theorem:

d

dxµ

L =
d

dxν

(
∂L

∂(∂νAλ)
∂µAλ

)
+

∂L

∂xµ

which implies

∂νT
µν = −

∂L

∂xµ

, T
µν
field =

∂Lfield

∂(∂νAλ)
∂µAλ − gµνLfield.

So if there is no explicit xµ dependence then the conservation equation for Tµν is satis-

fied. We’ll show next time how this gives the field contribution to energy and momentum

densities, and how T
µν
tot = T

µν
matter + T

µν
field, with (only) the sum conserved.
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