2/20/13 Lecture outline
e Last time: considered solving 9%t = 0 in vacuum, using Greens functions for getting
the boundary conditions on some surface. Today we’ll solve the equations with source terms

via Greens functions.

e In Lorentz gauge, Maxwell’s equations are solved via E=— Vo— %%—’f, B=Vx ff,
with
— 4 -
D2H(7,t) = dnp(F,t),  O2A(F,t) = L J(7,1). (1)
c

We’d like to find a Green’s function in space and time:
O*G(7 ;7 t') = 4w (7 — 7)o (t — ).
Translation symmetry: G = G(R,7), where R = 7 — 7 and 7 = t — t'. Fourier transform

in 7:

then solutions are

. 1
Gt = , N GE(R,7) = E(S(T T R/c) = Gret,ado-

The ret case connects a field at some time to the behavior of the source in the past, which
is what we want. The adv case connects to the behavior of the source in the future, which
we typically don’t want!. So we get the Lorentz gauge soln’s, which give the fields in terms
of the charges’ location at the earlier time
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e Example: uniformly moving charge p = ¢6(7F — vtZ), J = quzd(7¥ — vtT).

1 v q
Ft)=q | &7 ———=6(F —vtZ + |7 — 7|7) = :
o) = a [ =l D) = T
We used §(z' — vt + 2R) = 6(z' — z}.,)/(1+ £ 92) and ), solves 2., = vt — LR,¢y, with
Reet = \/(x — 2! 4)% + 42 + 22. So .., satisfies a quadratic equation, which leads to

2
(% (%
Tpet = —VQC—Qx + 7%t — 272\/(56 —vt)? +772(y? + 2?),

L Aside: in quantum field theory, the Feynman propagator is a superposition of adv and ret

cases: “anti-matter travels backwards in time”.



with v =1/4/1 — v2/c?. The denominator above is simplified as

v v v &
Roer— (=2 )rer = = (e—vt) 4 Reey ™ = ety = V(@ =082 +972(% + 2).

After a lot of work, we derive the simple answer:

L q
) = o 4 g )72 2

Alternatively, as in the book, we can get the answer by Fourier transform:

— 4’k ik —kyv
o71) = [ g™

since the solution depends only on x — vt, and we plug in the wave equation with source
to get
s V2o
(k" — 5 k3o = 4mq

c2r

solving for ¢;; and doing the Fourier integrals again leads to (2). Likewise, J yields

!

=7 - 3)

T - q
A7 t) = _
70 oL (v — yvt)? + y? + 22|12

C(R_ c )ret

ST

Whenever a lot of work leads to a simple answer, we should look for a simpler expla-
nation. We’ll later understand (2) and (3) as immediately coming from the Lorentz boost
of the potentials from the particle’s rest frame.

e Compute now E and B. Note E = — V¢ + 5U(7- Vo) and B = 15 x E. Get

(o = w2+ 727 + 22772

Note radial but not spherically symmetric. Let R = 7 — 7 (t). When R 1% get E =
vqR/R®. When R||7 get E = v2qR/R3. Pancake effect.



