1/30/12 Lecture outline

* See lecture notes for details. Continue where we left off last time.

e Generalize angular momentum, L = > ;i X Pi, Nother conserved quantity for
rotation symmetry. Generalize rotations to symmetries preserving ztxz, = x“/xuf, ie.
rotations + boosts, x* — Aﬁ,az”/. Infinitesimal change dx# = 6Q*"x” with 68}, = —0Q,,,.
There are 6 independent generators for antisymmetric 4 x 4 matrices, and these are the
infinitesimal generators for the 3 rotations (from 62;; = eijkd¢k) and 3 independent boosts
(from 0€Q0; = —d€;0, which exponentiate to give Aﬁ/ for boosts).

As you know, g = OL/0U and E = p- ¥ — L. But, as you can show, p* can also
be written directly in terms of the action, as p, = —6?75;” where S(zt) = Sqzt, al .. 1]
evaluating the functional for the least action path and thinking of it as a function of the
final endpoint. [As an example, the non-relativistic action for a free particle traveling from
(ta, o) initially to (ty, ) is S = [dtzmi?® = im(F, — Za)?/(ts — ta). So dS/0F, = mv
and 9S/0t, = —imi?.]

Under our rotation, the action changes by 65 = > 08

n ox?
particles. S0 6S = — 3, puozt = 6Q,, 3 atp” = 26Q,, Y, (z#p” —zp"). The conserved
Nother quantity is 05/08,,,,, so M* = " (zHp¥ —p”z*) is conserved. The spatial parts are
L. The M% components give S (t5 — E7/c?) is conserved, where p* = (E/c, yp =5 . Dk

give the total energy and momentum. Defining ﬁc v =7 E;/E, the M 0% conservation

dxk, where the ) is over all

law implies that the CM frame moves with constant velocity Vou = de'v;M = c?p/E.

e Charged particles interact with electromagnetic fields via

b
S = / (—mc*dr — %Audaj“).

-

Writing A* = (¢, A) and dz* = dt(c, ¥), this implies that

L=—-mc®/1—v2/c2 + %E-ﬁ—qqﬁ.

e Note symmetry of 4.5, and thus the EOM, under A, — A,+0,, f: gauge invariance;

this is fundamental.

o F=mi+ LA W= me 4 6= ey (7~ LA+ mie 4 g0,

e Equations of motion: show gives Lorentz force law: 4 (md/\/1 —v?/c?) = qE +
95 x B, with E = -~ V¢ — L% and B =V x A.

e Note again gauge invariance: F and B are invariant under changing 4, = (¢, —A4) —

A, +0uf ie. ¢ = o+ % and A — A — V£, for arbitrary function ft, ).



