2/23/11 Lecture 14 outline
e Last time we wrote down the LSZ formula. There was some interest in seeing more
details, so let’s briefly sketch the idea.
Let |k) be the physical one-particle momentum plane wave state of the full interacting
theory, normalized to (k'|k) = (27)32w,6®) (K’ — k), and ¢(x) the Heisenberg picture field.
As discussed last time, the FT of (QT¢(x)¢(0)|Q) ~ iZ/(p* — m? + i€) near p*> = m?, so

(klo(@)|Q) = (kle'"$(0)e ™ 7|Q) = ™ (k|p(0)|Q) = e 2/,

-

We scatter wave packets, with some profile F(k:) with F.T. f(z) = [ (27r)32wk F(k)e k=,
where we define kg = \/k2 + 2, so f(x) solves the KG equation. Now define

o1() =2, [ T D0 (E.0) ~ £(2.000(, ),

This depends only on ¢, and we’ll be interested in it at ¢ — 400, where it makes asymptotic
single-particle in and out states: (k|¢/ (¢)|Q) = F(k) (the 8y’s in ¢7 (t) give a needed 2wy,
to cancel that in d®k/(27)32wy), and (n|¢/ (1)|Q) = %F( )™ @rn =P (0| (0)]92),
where w,, = /P2 + p2, which has w, < p for any multlpartlcle state. So for any state
Y, limy—s o0 (Y07 (£)|2) = (| f) + 0, where |f) = [ (%)32% )]k} and the multiparticle
states contributions sum to zero using the Riemann-Lebesgue lemma. Moreover, you can

easily verify that (taking f(|x| — co0) — 0)

— 00 t—o00

iz;'? / d'zf(x)(0° + 1) p(x) = / dtdpd” (t) = ( lim _— lim )¢ (1).

This will be just what we wanted, to get our incoming and outgoing scattering states.
Make separated in states: |f,) = [[ ¢/ (t,)|2), and out states { f,n| = (Q [T(¢"™) (tm),
with ¢, — —oo and ¢, — +o00. With some work, it can be shown that the |>° differences

work out right so that

(fnlS = 1] fa) = 2, T/ / T & a0 falen) [T d*2mfm(@m)* T] (02 + m2)G (20, wm).
Take f;(x) — e %% at the end. Thus get that the S-matrix element for m incoming

particles and n outgoing ones is given by

n

(P1-- - PulSIks - k) = 2, T2 i [T (07 — m?) [T(7 = m3) G (=pis ki)

=1 j=1
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Again, G"t™ is the full n + m point Green’s function, including disconnected diagrams
etc. The limit is where we take the external particles on shell. In this limit, the p? — m?
and k:JZ — m? prefactors all go to zero. These zeros kill everything on the RHS except for
the connected contributions to G. Accounting for the fact that we amputate the external
propagators, which go like iZ;(p? — m?)~!, the above becomes

(P1-..Pn|Slky .. ky) = Z(ntm)/2Ggntm (—pi, ki) = Gmrm (=pi, kj)

amp,conn,B amp,conn,R

Good: the physical S-matrix elements are computed from the renormalized Greens func-

tions, which we take to be finite in our renormalization procedure.

o Write
~ ) 7 < dM? i
BN Z - / M
AP p? —m? —II'(p?) + ie p2—m2—l—ie+ odm2 2T 4 )p2—M2+ie
So, using —— = P(1/z) F imé(z), argue that mp(s) = 2ImA(s) for s > 4m2. (The minus

sign in the definition of A above is related to the special definition of '™ for n = 2 and
A~1/T®?)

Analyticity properties. E.g. 2 — 2 scattering. M(s) = M(s*)*. The real part ReM
is continuous across the real axis, whereas the I'm part picks up a minus sign. So the
discontinunity DiscM(s) = 2iImM(s + ic). E.g. —— = P(1/z) F ind(z) shows that the

discontinunity of m is —2mid(p? — m?).

e Optical theorem. The S-matrix S = U(t; = oo,t; = —o0) is unitary, STS = 1.
Write S = 1+ 4T, then get 2Im(T) = —i(T — TT) = T'T. Thus

—i(2m) 0" (pp—pi) (M pi— M) ZH/ o) 32E ot M M, (27) 46 (D —pim ) (27) 6% (p—p2).-

Take f =1, get

where dII,, is the density of states for the process i — m. This is the optical theorem. It
relates the imaginary part of the forward scattering amplitude to the total cross section,
e.g.

ImM(ky, ke — ki,ks) = 2EcmPemOtot (K1, ko — anything).
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Recall that the imaginary part of amplitudes is discontinuous across the cut starting

at s = 4m?2. So we can there relate
DiscM(s) = 2iImM(s) ~ /dH IMein|® ~ tor

where cith means cut in half.

Consider e.g. the 1-loop contribution to the 4-point amplitude in A¢*, in the s channel

MO = %AQ/ dikp 1 1

2m)* (3p+ k)2 —m? +ie (3p — k)% — m? + ie’

where p = p; + p2. Recall that we evaluated this as (with s = p?)

A2 (2 Ay
—<——7+log = +A($),)

3272 \ € m2

where

A(s) =2 —+/1—4m?/slog (%ii) .

The 1/€ term (together with some constants, depending on our scheme) is cancelled by
a counterterm diagram. The function A(s) remains. The threshold is where s = 4m?2.
Below threshold, the amplitude is purely real. Above threshold, there is a discontinuous

imaginary part, with
DiscM(s) = 2iImM(s) ~ /dH |./\/lcih\2 ~ Otot

where cih means cut in half. The tree-level scattering amplitude is thus related to the
imaginary part of the one-loop amplitude.

—1

e For unstable particles, we can again write the full propagator as i(p*—m?—1I'(p?)) 71,

and the decay width again shows up via an analog of the optical theorem for 1-particle
to 1-particle scattering. This gives the decay width, which appears in the Breit-Wigner
formula o ~ |p* —m? + 47|72, as T = —m ™' ZImIl'(p*) = 5= >, [ dl;|M(p — f)>.



