
2/3/09 Lecture 9 outline

• Last time: 2-point function, via summing geometric series,

D(p) =
i

Γ̃(2)
=

i

p2 − m2 − Π′(p2)
.

−iΠ′ is computed from the 1PI diagrams. It starts at one-loop. Π′(p2) is called the self-

energy, like momentum dependent mass term. The special definition of Γ̃(2) is because

D(p) = i/Γ̃(2) will be nice, and allow extending to higher point functions. The point of

the 1PI diagrams is that the quantum loop corrections are simply obtained by replacing

the vertices with the 1PI greens functions! Indeed, Draw pictures for n = 2, 4, 6 point

functions. Obtain the full W [J ] via tree-graphs assembled from the 1PI building blocks.

• Let’s write factors of h̄: Γ̃(2) = h̄−1(p2 − m2) − Π′(p2), where Π′(p2) has terms of order

h̄0 (1-loop), and higher.

• Note that there are are no tree level IPI diagrams for Γ̃(n) except for n = 4 in λφ4,

so Γ̃(n) = −λh̄−1δn,4 +O(h̄0) + . . .. At order h̄0, i.e. 1-loop, note that there are terms for

all even n. There can not be terms for odd n, because of the φ → −φ symmetry.

• There is also a generating function for the 1PI green’s functions:

Γ[φ] =
∞
∑

n=1

1

n!

∫

d4x1 . . . d4xnΓ(n)(x1, . . . xn)φ(x1) . . . φ(xn).

This quantity is called the effective action. Find that

Γ[φ] =
1

h̄
(S[φ] + O(h̄)) .

E.g. in λφ4, Γ[φ] = h̄−1
∫

d4x[ 1
2
φ(−∂2 − m2)φ − 1

4!
λφ4]+(quantum corrections). The

quantum corrections are e.g. corrections to the mass from m2 → m2+h̄Π′(p2), a correction

to λ at order h̄, and higher powers of φ at order h̄−1(h̄L) for L ≥ 1.

• Connecting Γ[φ] and W [J ]. Introduce a (to count loops, formally take a → 0):

eiW [J,a] ≡ N

∫

[dφ]ei(Γ[φ]+
∫

d4xJφ)/a.

Then LHS=exp(i(W [J ] + O(a))/a). Evaluate RHS by stationary phase:

δΓ[φ]

δφ(x)
= −J(x) for φ = φ(x),

1



which is some functional of J . So the RHS is

Nei(Γ[φ]+
∫

d4xJφ+O(
√

a)).

Conclude

W [J ] = Γ[φ] +

∫

d4xJ(x)φ(x).

This is a Legendre transform. Like F = E − TS in Stat Mech. There is also the inverse

transform:

Γ[φ] = W [J ] −

∫

d4xJ(x)φ(x).

φ(x) can be interpreted as the average of φ(x) in the presence of the source; sometimes

called classical field:

φ(x) =
δW [J ]

δJ(x)
=

〈0|φ(x)|0〉J
〈0|0〉J

.

The functional derivatives of Γ[φ], upon setting φ = 0, give Γ(n)(x1, . . . xn). In particular,

δΓ[φc]

δφ(x)

∣

∣

φ=0
= Γ(1)(x) = 0.

• Recall from last time that we have L = 1
2∂µφ∂µφ − 1

2m2φ2 − 1
4!λφ4 + φJ , with the

source term J . The classical field EOM is

(∂µ∂µ + m2)φc = −
1

3!
λφ3

c + J(x).

As discussed last time, we can solve this in perturbation theory in λ, with only tree-level

diagrams. The generating functional for tree-level diagrams is Wc[J ] = S[φc] +
∫

d4xJφc.

The field φ satisfies the same equation, up to order h̄ corrections:

(∂µ∂µ + m2)φ = −
1

3!
λφ

3
+ J(x) + O(h̄).

So, at the classical level, φc = φ. But φ includes the quantum loop corrections.

• One-loop effective potential for λφ4. The effective potential is found from Γ[φ],

keeping the terms with no derivatives. Find

V1(φ) = i

∞
∑

n=1

1

2n

∫

d4k

(2π)4

(

λ
1

k2 − m2 + iε

φ2

2

)n

= 1
2

∫

d4kE

(2π)4
ln

(

1 +
1
2
λφ2

k2
E + m2

)

(S. Coleman and E. Weinberg.) Symmetry factors: 1/n! not all the way cancelled, because

of Zn rotation symmetry, and reflection, gives 1/2n. At each vertex, can exchange external

lines, so 1/4! not all the way cancelled, leads to 1/2 for each vertex. Still have to explain

how to handle kE integral. We’ll come back to this later.
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