1/5/09 Lecture outline
e We'll focus for a while on scalar field theory, e.g. £ = 59,¢0"¢ — V(¢), with e.g.
V(g) = 5m?¢” + Vipe(), with e.g. Vine(6) = A0
e Last quarter you learned canonical quantization. The field ¢(x) is analogous to g(t)
in QM (indeed, QM is field theory in d = 1 dimension), and its conjugate momentum is

[I=90L/ d¢. These are operators, with equal time commutators
[(ZS(t? f)? H(t7 f,)] = ZFL(S?)(.’E - f,)

We’ll usually set h = 1, aside from occasionally making it explicit to emphasize some

physics. It’s often more convenient to work in momentum space,

3
@) = [ G lak)e ™ + al(k)e™]

and then the canonical quantization rules imply that
[a(k), a’ (k)] = (2m)?2ws*(k — ¥),

with others vanishing. Creation and annihilation operators, act on |0), with a(k)|0) = 0
and af(k)|) = |k). Can create a packet with momentum localized around k& via al|0),
with a] = [d3kfi(k)a'(k) and e.g. fi(k) a gaussian centered around k1. e Consider
scattering n incoming particles into n’ outgoing ones: |i) = limy_,_oc al(t)...al (¢)|0)
and |f) = limy—, 4 ai,(t) . .a;rl, (t)|0). The scattering amplitude is the S-matrix element

(f|S]i(. Taking the initial and final states to differ, we’ll just write this as
(fli) = (0|Tay ...awal ...al[0).
Now use
al(00) — al(—o0) = / b dtdoal (t) = —i / Pk f1 (k) / dze” ™ (=02 + m?)p(z),

where the steps needed for the 2nd equality can be found in full detail in e.g. Srednicki.

Using this we obtain
(fli) = <k1/-..]€n/|]€1...k )
_ jntn’ H /d4x/ezk3$g az +m? H —ikjz, az+m VGrtn (X1« o T, Ty o Ty ),
7j=1

(1)



where
Guin (1. xp,xy o cxy) = (0|TP(21/) ..o p(@p ) (1) - . . d(21,)]0). (2)

This is the LSZ formula, which we’ll discuss further later. So to compute scattering
amplitudes, and thus cross sections and decay rates etc, we just need to compute the
above Green’s functions, involving time ordered products of fields.

e This is also expressed as Dyson’s formula, and recall also Wick’s theorem:
to
U(tz, tl) = Texp(—i/ Hint<t/)dt/),
t1

T(¢1...0n) =: ¢1...0y, : + : all contractions :

This is nicely expressed in terms of Feynman diagams.
e Our first topic is the Feynman path integral. Gives another way to quantize particles,

and fields. For particles, consider time evolution operator
Uzg, ;. T) = (zp|e AT/ z,).
Satisfies SE
thorU = HU.
Feynman:
U(xg,zp;T) = /[da;(t)]e—s[m(t)]/h.

Integral can be broken into time slices, as way to define it. Discuss how to derive this
formula from the usual description of QM with operators, by introducing the time slices
and a complete set of ¢ and p eigenstates at each step.

E.g. free particle

im\ N2 pN=1 im &
_ . —_— — . 2
<27rh€) / H dzi eXp[2he Z(xl Tim1)]

i=1 i=1

Where we take ¢ — 0 and N — oo, with Ne = T held fixed.
Do integral in steps. After n — 1 steps, get integral

2mihne

)2 expl— (2, — 0)’]

m 2ihne

(

So final answer is

27T2hT] _1/2

Ub,a) =] explim(xy — x4)%/2RT).



Plot this as a function of x = (x, — z,): lots of oscillations. For large x, nearly constant

wavelength A, where

9 — m(x + \)? B ma? - maA

2hT 2ht RT -~
Gives p = hk! More generally, get k = h™'p with p = 85/0x,. Can show p = dL/di =
081/ 0xy. So recover 1 ~ eP*/" Can also recover 1) ~ e~ T with w = —h " 10S./Ots.

Agrees with E = hiw, since E = —0S,;/0ty.

Generalization to quantum field theory is immediate:

(60(F, T)|e™HT | (7, 0)) = / dglesin 5= / dinr,

This is then used to compute Green’s functions:
@ T éntei) = 25" [ (a0 ] oos) exolism)
i=1 i=1

with Zy = [[d¢] exp(iS/h).



