
3/7/07 Lecture 17 outline

• Last time:
∏

i

∫
dθ∗i dθi exp(−θ∗iBijθj) = detB.

∏
i

∫
dθ∗i dθi exp(−θ∗iBijθj)θkθ

∗

l =

(B−1)kl detB.

• We can introduce sources for the fields:

Z[η̄i, ηi] =

∫
dθ̄idθi exp(i(Aij θ̄iθj + η̄iθi + θ̄iηi])

=

∫
dθ̄idθi(1 + i(θ̄, Aθ))(1 + iη̄θ)(1 + iθ̄η),

= −i detA exp(−iη̄iA
−1
ij ηj).

• Generalize to functional integrals over fermionic fields;

Z[η̄, η] =

∫
[dψ̄][dψ] exp(i

∫
d4x[ψ̄(i/∂ −m)ψ + η̄ψ + ψ̄η]

= Z0 exp[−

∫
d4xd4yη̄(x)SF (x− y)η(y).

where

SF [x− y] = i(i/∂ −m)−1 =

∫
d4k

(2π)4
ie−ik(x−y)

/k −m+ iε
.

Get e.g.

〈0|Tψ(x)ψ̄(y)|0〉 = Z−1
0 (−i

δ

δη̄(x)
)(i

δ

δη(y)
)Z[η, η̄]|η,η̄=0 = SF (x− y).

• For fermions, the detB is in the numerator, whereas for scalars it’s in the denomi-

nator. The functional integral gives eiW . So the sign of the contribution to W is opposite

for closed scalar vs fermion loops: every closed fermion loop gets an extra −1 factor. (This

relative minus sign is put to good use with supersymmetry - to find out more, take the

topics class next year!)

• Now gauge fields. Important point: gauge invariance. Write A = Aµdx
µ. Recall

gauge symmetry A → Aα = A + dα(x), with ψ → e−ieα(x)ψ. Redundancy in description,

can only observe gauge invariant quantities. Need to replace ∂µ → Dµ ≡ ∂µ + ieAµ. Then

Dα
µψ

α = e−ieαDµψ transforms nicely, with just an overall phase, and ψ̄Dµψ is gauge

invariant. So the Dirac lagrangian, ψ̄(i /D−m)ψ is gauge invariant. In functional integral,

will have
∫
[dA] exp(iS). Integration measure must be gauge invariant, implies it gets a

factor of gauge orbit volume. Would like to integrate only over a slice of inequivalent gauge

fields, without integrating over the gauge orbits. Need to do this, since otherwise there is

no well defined B−1. Recall S =
∫
d4x[−1

4
F 2

µν ] = 1
2

∫
d4kAµ(x)(∂2gµν −∂µ∂ν)Aν(x). Note

action vanishes if Ãµ(k) = kµα(k). Gauge invariance. AT
µ = PµνA

ν , Pµν = gµν −∂µ∂ν/∂
2.

−1
4FµνF

µν = 1
2A

T
µ∂

2gµνAT
ν . Can’t invert kinetic terms uniquely to find Green’s function.

We need to fix the gauge.
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