Y 1]
Week 6 Homework (Due Nov. 2)

Consider 2+1 dimensions, with coordinates x#, ux = 0,1, 2. Let the Lorentz boost and
rotation matrix act on a vector via z# — REz” with R = exp (i(¢oT? + 1T + ¢277)),

and
0 0 0 0 0 —i 0 —i 0
™=10 0 —i T'=| 0 0 0 T°=1 - 0 0
0 i O - 0 0 0 0 0

1. Write out the Lorentz matrices By = exp(i¢oT?), R1 = exp(i¢yT'), and Ry =
exp(i$2T?) and identify them as rotations or boosts.

Now consider the 2-component spinor representation, where $%® — R§¢ﬁ, with R =

exp(i¢,T#) and (T*)% = £(I'*}8 and I = ioy, T'! = g1, I'? = g3, with {0;}% the usual
Pauli matrices. We have defined the I'* to be purely real.

2. Using the fact that [1oy,305] = ieiju(50%), find the structure constants f.., in
[T# T%] = ifuuyT7 using the above spinor representation. Compute [T, T:] again
using the above vector representation and verify that it gives the same structure con-

stants as found for the spinor representation.

3. Write out the Lorentz rotation matrices Ry = exp(i¢oT°), R1 = exp(i¢T!), and
Ry = exp(i¢>T?) in this spinor representation. Verify that each of these three basic
rotations/boosts is an element of the group SL(2, R).

4. Take €!? = —e?! = —¢15 = €1 = +1. With this choice of signs e*Ye,g = 6% 4. Let
It = (T¥)eys, with (T#)2 as defined above in terms of the usual Pauli matrices.
Write out, as a vector, the p = 0,1, 2 components of V# = I‘iﬁwaxﬁ for two spinors
7 and x?. Rotate ® — R3y7 and 8 = fo’* for R = Ry = exp(ifT") as found
in problem 3. Plug this into V¥ to find V# — REV™ for some R¥ which (hopefully)

agrees with the rotation matrix R; for vectors, as found in problem 1.

5. The minimal 2+1 dimensional supersymmetry algebra is {Q,, Qg} = 2I‘§BP“, with
the Q). real. We can represent this as a superspace with two real anticommuting spinor
coordinates 0 via P, = i0,, (o = aa% + f.il"ﬁﬁ@ﬂ@m and also D, = % - z'I“;Bt?ﬁB”.
We take a superfield to be & = ¢ + 0%y + eaﬁGQBﬁF . Consider the action

S = fd3md91d92(—%e“ﬁDafDDg<I> + W(®))
Do the 6 integrals and eliminate F' to find the Lagrangian.
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