
5/9/19 Lecture outline

⋆ Reading: Zwiebach chapters 8, 9.

• Continue where we left off last time: symmetry and conservation laws for the case of

Lorentz transformations. As we discussed, continuous symmetries δφa of a field theory with

S =
∫

dξ0 . . . dξp−1L(φa, ∂αφ
a) leads to conserved currents jα = ∂L

∂(∂αφa)δφ
a, satisfying

∂αj
α = 0. We apply this to the case of the worldsheet, where symmetries are δXµ and

α = 0, 1 → τ, σ. The corresponding worldsheet conserved charge is
∫

dσjτ . More generally,

we have conserved charge
∫

Γ
(jτdσ − jσdτ), where (dσ,−dτ) is the outward normal to a

curve with tangent (dτ, dσ). If the curve is closed, we can use Stokes theorem to get
∮

Γ
(jτdσ− jσdτ) =

∫

R
(∂τ j

τ + ∂σj
σ)dτdσ = 0 by current conservation, showing again that

the charge is conserved and independent of deformations of the curve Γ.

For δXµ = ǫµ translations, the charge is pµ =
∫

dσPτ
µ . Now continue with Lorentz

symmetry, which comes from the worldsheet symmetry δXµ = ǫµνXν , which is a symmetry

if ǫµν = ǫ[µν], e.g. δ(ηµνX
µXν) = 0. Discuss cases of spatial rotations and boosts, explain

why both indeed involve antisymmetric ǫµν . Lorentz symmetry is of course a symmetry of

the string Lagrangian LNG = −T0

c

√

(Ẋ ·X ′)2 − (Ẋ)2(X ′)2 involve ηµν∂αX
µ∂βX

ν , since

all Lorentz vector indices are contracted via Lorentz scalar dot products.

The associated conserved currents are Mα
µν = XµPα

ν − (µ ↔ ν). The corresponding

charges Mµν =
∫

(Mτ
µνdσ are the angular momentum. We can also consider more generally

conserved charges Mµν [Γ] =
∫

Γ
(Mτ

µνdσ−Mσ
µνdτ). Note that the charges associated with

boosts are M0i = ctpi −
∫

dσX iPτ0, which can be interpreted as X i
cm(t) = −cM0i

E
+ t c

2pi

E
.

• Recall J = h̄α′E2, with [α′] = −2, which is the Regge trajectory observation of

the early ’70s.. Consider now a string rotating in 12 plane, with the EOM solved by

(as discussed last week): ~X = σ1

π
cos(πσ/σ1)(cos(πct/σ1), sin(πct/σ1)). So ~Pτ = T0

c2
~̇X =

T0

c
cos(πσ/σ1)(− sin(πct/σ1), cos(πct/σ1)). Find that the rotational angular momentum

has M12 =
∫ σ1

0
dσ(X1Pτ

2 −X2Pτ
1 ), which using above ~X(t, σ) and ~Pτ = T0

c2
∂t ~X, leads to

M12 = σ2
1T0/2πc, which is a constant as expected. Since σ1 = E/T0 and M12 = J , this

gives J = α′h̄E2, with T0 ≡ 1/2πα′h̄c. The string length is ℓs = h̄c
√
α′.

• Aside, for later: the string worldsheet analog of Sparticle ⊃
∫

qAµdx
µ is Sstring ⊃

−
∫

Σ
Bµν∂τX

µ∂σX
νdσdτ .

• Outline of plan, to quantize the relativistic string. Description of challenge of quan-

tizing LNG because of the square-root. Recall how the trying to quantize with the square-

root in E =
√

(cp)2 + (mc2)2 led Dirac to the Dirac equation. Summarize two approaches:

the Polyakov description or using light-cone gauge quantization. This class will follow the

latter approach, as in the textbook.
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