
4/10/18 Lecture outline

⋆ Reading: Zwiebach chapters 1 and 2.

• Last time: Statement of relativity principle: physics is indistinguishable among all

inertial frames. If one frame is inertial, all frames moving relative to that at a constant

velocity are also inertial. Related by xµ
′

= Λµ′

ν x
ν where ΛT ηΛ = η, where η is the metric,

chosen to have mostly plus convention. All 4-vectors transform the same way: bµ
′

= Λµ′

ν b
ν .

A tensor transforms as Tµ′ν′

= Λµ′

κ Λν′

σ T
κσ. Can contract or raise or lower indices with

ηµν , e.g. aµbνηµν = −a0b0 + ~a · ~b and Tµ
µ = −T 00 + δijT

ij are 4scalars. 4-scalars are

invariant under Lorentz transformation. The proper time element dτ =
√

−dxµdxµ/c2 is

a 4-scalar. uµ = dxµ/dτ is the velocity 4-vector, and d2xµ/dτ2 is the acceleration 4-vector.

The statement of relativity requires that all formulas relate quantities that transform the

same way, for example ~F = m~a can fit with relativity if it becomes a 4-vector equation:

fµ = mdpµ/dτ (the time component here relates power to the time derivative of energy).

pµ = (E/c, px, py, pz), with pµp
µ = −m2c2. pµ transforms as a Lorentz 4-vector, pµ

′

=

Λµ′

ν p
ν . Proper time: ds2 = c2dt2p = c2dt2(1− β2). uµ = cdxµ/ds = dxµ/dtp = γ(c, ~v), and

uµu
µ = −c2. A massive point particle has pµ = muµ. Massless particles, like the photon,

have pµ with pµpµ = 0.

• Quantum mechanics: replace pµ = (H/c, ~p) → −ih̄∂µ. Free particle wavefunction

ψ ∼ exp(ip · x/h̄); pµx
µ
≡ p · x is Lorentz invariant.

• Light cone coordinates: x± = 1√
2
(x0 ± x1). The bad: spoils rotational symmetry.

The good: will make it easier to quantize string theory (avoids having to discuss here

more advanced alternatives, which do not require going to the light cone coordinates).

−ds2 = −2dx+dx−+dx22+dx
2
3 = −η̂µνdx

µdxν . a± = −a∓. Take p± = 1√
2
(p0±p1) = −p∓.

So ih̄∂x+ → −p+ = Elc/c, i.e. p
− = Elc/c.

• Extra (spacelike) dimensions, e.g. 2 extra dimensions: −ds2 = −c2dt2+
∑5

i=1
(dxi)2.

Consider one extra space dimension, taken to be a circle, x ∼ x + 2πR. Now consider

(x, y) ∼ (x+2πR, y) ∼ (x, y+2πR); gives a torus. Orbifold, e.g. z ∼ eiπi/Nz, gives a cone

(singular at fixed point).

• Recall QM: [xi, pj ] = ih̄δij . Particle in square well box of size a: E = (nπ/a)2/2m.

Now particle in periodic box, x4 ∼ x4 + 2πR. The other directions, xµ, are given by

some standard Hamiltonian, e.g. the hydrogen atom, which we’ll call H4d. So H5d =

H4d + p̂24/2m, with p̂4 = −ih̄∂x4
in position space. The 4d energy eigenstates are then

given by separation of variables to be ψE5d
(~x, x4) = ψE4d

(~x) 1√
2πR

eiℓx4/R, with ℓ an integer,

and ψE4d
is an energy eigenstate of the 4d problem. So E5d = E4d+ℓ

2/2mR2. For R small,

the low energy states are simply those with ℓ = 0, and the extra dimension is unseen.
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