6/5/13 Lecture outline

* Reading: Zwiebach chapter 12.

e o Recall from last time that we considered the open string in light cone gauge. So
we fixed Xt to be simply related to 7, found that the X’ are given by simple harmonic
oscillators, and X~ is a complicated expression, fully determined in terms of the trans-
verse direction quantities: X (7,0) = 2a/p™7T = V2a/ad 7. For X~ recall expansion,
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with V2d/a,, = oL where L, = 3 Zp 0, s the transverse Virasoro operator.
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symmetry ([M 1, M~7] = 0) requires D = 26 and a = —1.

The worldsheet Hamiltonian is thus

Recall [al,, )] = m&!7 8,400 and accounting for the ordering of L was needed. Lorentz

H=2dp"p” =Ly —1.

e The states are obtained as
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These states are eigenstates of
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The groundstate is tachyonic (!). The first excited state is a massless spacetime vector
with D — 2 polarizations, i.e. a massless gauge field, like the photon (but in D = 26)!

The tachyon is related to the fact that the D25 brane is unstable, it decays to the
closed string vacuum. The closed bosonic string is also unstable, as we’ll see next time.
These instabilities can be cured by adding fermions and considering the superstring. Then
the critical spacetime dimension is D = 10.

The eigenstates satisfy the worldsheet SE:
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Writing ™ = 2a/p* 7, this becomes
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which is the KG (or generalization) wave equation for the corresponding field in spacetime.

e Now consider closed string case. Recall gauge conditions n- X = o'(n-p)r, n-p=
27tn - P7, which yielded the constraints (X + X’)? = 0 and then the EOM were simply
(02—02)X* = 0. For the closed string, this means that X*(7,0) = X/(t4+0)+ Xk(r—0).

The general solutions can then be written as
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and a similar expression for X/, with modes a/. Since X*(7,0+2n) = X*(7,0), ay = o).

Computing P#* = X*/2ra/ then yields aff = \/ 30/D".
The theory is quantized by taking [X(7,0), P7/(7,0")] = —6(0—0’')n!’, which implies
that
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with no commutator between the left and right movers. It’s now very similar to the open
string case, but with the two sets of decoupled oscillators for the left and right movers.
We define

(XI + X’[)Q = 40/ Z E#e—in(T—l—U),
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and L& = O‘Iplpf + N1, The X~ are given in terms of these much as in the open string

and a similar expansion for (XI—X/I)2 and L, involving 7—o. Then L;- = e al
case, v2a'/a;; = 2L} /pt, with a similar expression for the left movers. The worldsheet
Hamiltonian is H = Ly + E& —2and M2 = —p? =2ptp~ —plp! = %(NL + N+ — 2).
The closed string states are given by acting with left and right moving creation oper-
ators on |pt, p), with the constraint that N+ = N+ (because of translation symmetry in

shifting o). In summary, the spectrum of states is given by
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where there is a requirement that N+ = N+ to have o translation invariance.
The state with N+ = 0 is the bosonic closed string tachyon. Those with N+ = 1 are

given by a (D — 2)? matrix of indices in the transverse directions, and these are massless.
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The symmetric traceless part is the graviton, the antisymmetric tensor is a gauge field B,
which is an analog of A,, and the trace part is ¢, called the “dilaton.”

e Let’s count the states by defining f(z) = Trsmtega:o‘/Mz. Find
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where we set D — 2 = 24. Similarly, for the closed string case, we have

fclosed(xv :E) = fos (aj)fos(j%

where we need to project out those states with different powers of x and .
e Superstrings! The bosonic string has fields X?(r, o), which are D — 2 worldsheet

scalars. Now we introduce D — 2 worldsheet fermions
Up(r —o), Ul (r 4+ 0).

Here R and L are for right and left moving, and I = 2... D — 2 (spacetime vector indices).

The light cone gauge action is
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- / drdo (XIXI ~xUxT 4 wh(a, + 0,)ul + w9, — ag)xyg) .

Note that the bosons X! have the usual quadratic in derivatives terms (like L = %miz)
whereas the fermions ¥ have linear in derivatives terms. The fermion and its action can
roughly be thought of as the square-root of a boson and its action. The terms in the action
above is the 2d worldsheet version of the Dirac equation action. The classical equations of
motion from the Euler Lagrange equations are just (0, +0,)Vr = 0 and (0, —0,)¥r = 0,
which are solved by W = Ui(T — o) and U, = V(7 + 0).

There are two choices of boundary conditions for left movers, and similarly two choices

for right movers:
Ul (1,0 +271) = £V (1,0), + : Ramond, — : Nevu-Schwarz.
In the NS sector we have
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In the R sector we have
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In the NS sector we have
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In the R sector we have
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The modes satisfy
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where {A, B} = AB + BA is the anti-commutator, reflecting the fermionic nature of the
modes.

The NS sector states are
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where the p, ; are either zero or one (Fermi statistics).

The R sector states are
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The upshot in this case is that D = 10 spacetime dimensions is needed. The mass-squared

operator in the NS sector is
oM = N+ 5(D - 2)(~55 - 5),

where the —1/12 was seen in the bosonic case, and the —1/24 is the analog coming from
reordering the b,. As in the bosonic case, the commutator [M~!, M~7] = 0 determines

the spacetime dimension, here to be D = 10. Similarly, in the R-sector, we have

o’ M? = N*, Zpa” » T Z mdL,,dy,.



The NS spectrum generating function is

where 8 accounts for the ground state degeneracy associated with df, in either the R, or
the R_ sector. We should also GSO project the NS sector, i.e. throw away states with
(—1)¥ = —1 to get the NS+ states, with generating function
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This projects out the tachyon — nice! Moreover, the states in fr4+ are spacetime fermions,
whereas those in fyg 4 are spacetime bosons, and their spectrum is degenerate, thanks to
the identity fr+(z) = fns+(x) (which was proven as a mathematical identity around 150
years before the superstring was even first thought of!).

e For closed superstrings we can take the NS+ sector for both left and right movers,
and the R— sector for both left and right movers; this is the IIB superstring. Or we could
take the NS+ sector for both left and right movers, and the R— sector for left movers and
the R+ sector for right movers; this is the ITA superstring.

The massless (NS+, NS+) states for both of these string theories consist of
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As in the bosonic case, these correspond to g,.,, By, ¢.



