
6/3/13 Lecture outline

⋆ Reading: Zwiebach chapter 12.

• Open string. Imposed constraints (Ẋ ±X ′)2 = 0 (via reparam choice) to simplify

things. Get EOM ∂σPσµ + ∂τPτµ = 0 with

Pσµ = − 1

2πα′
Xµ′

, Pτµ =
1

2πα′
Ẋµ.

Recall the solution with N BCs:

XI(τ, σ) = xI
0 +

√
2α′αI

0τ + i
√
2α′

∑

n6=0

1

n
αI
n cosnσe−inτ , (1)

Ẋµ ±Xµ′

=
√
2α′

∞
∑

n=−∞

αµ
ne

−in(τ±σ).

• In light cone gauge take nµ = (1/
√
2, 1/

√
2, 0, . . .). Then n ·X = X+ and n ·p = p+,

so our constraint gives X+ = βα′p+τ and p+ = 2πPτ+/β (again, β = 2 for open strings

and β = 1 for closed strings. Also note, X ′+ = 0 and Ẋ+ = βα′p+); of course, p+ is

a constant of the motion. Since the constraints give (Ẋ ±X ′)2 = −2(Ẋ+ ±X ′+)(Ẋ− ±
X ′−)+ (ẊI ±X ′I)2 = 0, we can write this as ∂τX

−±∂σX
− = 1

βα′
1

2p+ (Ẋ
I ±XI′

)2, where

I are the transverse directions. This leads to

√
2α′α−

n =
1

p+
L⊥
n , L⊥

n = 1
2

∞
∑

m=−∞

αI
n−mαI

m.

This means that there is no dynamics in X−, other than the zero mode. For n = 0, using

α−
0 =

√
2α′p− get 2α′p+p− = L⊥

0 . Light cone gauge allows us to make Ẋ+ a constant, and

to solve for the derivatives of X− (without having to take a square root). Finally, note

that the string has

M2 = −p2 = 2p+p− − P IpI =
1

α′

∞
∑

n=1

αI∗
n αI

n.

See that all classical states have M2 ≥ 0.

• In light cone gauge, much as with the point particle, the independent variables are

(XI , (σ), x−
0 ,PτI(σ), p+). In the H picture the capitalized ones depend (implicitly) on τ

too. The commutation relations are

[XI(σ),PτJ(σ′)] = iηIJδ(σ − σ′), [x−
0 , p

+] = −i.
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The Hamiltonian is taken to be

H = 2α′p+p− = 2α′p+
∫ π

0

dσPτ− = πα′

∫ π

0

dσ(PτIPτI +XI′

XI′

(2πα′)−2)

Can write H = L⊥
0 since L⊥

0 = 2α′p+p−.

This H properly yields the expected time derivatives, e.g. ẊI = 2πα′PτI .

The needed commutators are ensured by

[αI
m, αJ

n] = mηIJδn+m,0.

Also, as before, we define αI
0 ≡

√
2α′pI . Now define αµ

n>0 =
√
naµn and αµ

−n = aµ∗n
√
n to

rewrite the above as

[aIm, aJ
†

] = δm,nη
IJ . (2)

• The transverse light cone coordinates can be described by

Sl.c. =

∫

dτdσ
1

4πα′
(ẊIẊI −XI′

XI′

).

Gives correct PτI = ∂L/∂ẊI and correct H =
∫

dσ(PτIẊI − L).
WritingXI(τ, σ) = qI(τ)+2

√
α′

∑∞
n=1 q

I
N (τ)n−1/2 cosnσ and plugging into the action

above gives

S =

∫

dτ [
1

4α′
q̇I q̇I +

∞
∑

n=1

(
1

2n
q̇Inq̇

I
n − n

2
qInq

I
n)]

and

H = α′pIpI +
∞
∑

n=1

n

2
(pInp

I
n + qInq

I
m).

A bunch of harmonic oscillators. Relate to (1) and (2), showing that the am can be

interpreted as the usual harmonic oscillator annihilation operators.

• Summary: we fix X+ to be simply related to τ , find that the XI are given by simple

harmonic oscillators, and X− is a complicated expression, fully determined in terms of the

transverse direction quantities:

X+(τσ) = 2α′p+τ =
√
2α′α+

0 τ . For X− recall expansion, with
√
2α′α−

n = 1
p+L

⊥
n ,

where L⊥
n ≡ 1

2

∑

p α
I
n−pα

I
p is the transverse Virasoro operator. Recall [αI

m, αJ
n] =

mδIJδm+n,0. There is an ordering ambiguity here, only for L⊥
0 :

L⊥
0 = 1

2α0α0 +
1
2

∞
∑

p=1

αI
−pα

I
p +

1
2

∞
∑

p=1

αI
pα

I
−p.
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The ordering in the last terms need to be fixed, so the annihilation operator αp is on

the right, using αI
pα

I
−p = αI

−pα
I
p + [αI

p, α
I
−p], which gives

L⊥
0 = α′pIpI +

∞
∑

n=1

naI†n aIn,

where the normal ordering constant has been put into

2α′p− =
1

p+
(L⊥

0 + a), a = 1
2(D − 2)

∞
∑

p=1

p.

This leads to

M2 =
1

α′
(a+

∞
∑

n=1

naI†n aIn).

The divergent sum for a is regulated by using ζ(s) =
∑∞

n=1 n
−s and analytically continuing

to get ζ(−1) = −1/12. So

a = − 1

24
(D − 2).

• Virasoro generators and algebra (corresponds to worldsheet energy-momentum ten-

sor). Since (αI
n)

† = αI
−n, get L

⊥†
n = L⊥

−n. Also,

[L⊥
m, αI

n] = −nαI
n+m.

[L⊥
m, L⊥

n ] = (m− n)L⊥
n+m +

D − 2

12
(m3 −m)δm+n,0.

• Spacetime Lorentz symmetry corresponds to conserved currents on worldsheet, with

conserved charges

Mµν =

∫ π

0

(XµPτ
ν − (µ ↔ ν))dσ.

Plug in Pτ
ν = 1

2α′ Ẋ
µ and plug in oscillator expansion of Xµ to get

Mµν = xµ
0p

ν − xν
0p

µ − i
∞
∑

n=1

1

n
(αµ

−nα
ν
n − αν

−nα
µ
n).

In light cone gauge, have to be careful with M−I , since X− is constrained to something

complicated,

X−(τ, σ) = x−
0 +

√
2α′α−

0 τ + i
√
2α′

∑

n6=0

1

n
α−
n e

−inτ cosnσ,
√
2α′α−

n =
1

p+
L⊥
n .
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and also careful to ensure that [M−I ,M−J ] = 0. Find, after appropriately ordering terms,

M−I = x−
0 p

I − 1

4α′p+
(

xI
0(L

⊥
0 + a) + (L⊥

0 + a)xI
0

)

− i√
2α′p+

∞
∑

n=1

1

n
(L⊥

−nα
I
n − αI

−nL
⊥
n ).

Then get

[M−I ,M−J ] = − 1

α′p+2

∞
∑

m=1

(αI
−mαJ

m−(I ↔ J))[m(1−((D−2)/24))+m−1(((D−2)/24)+a)].

Since this must be zero, get D = 26 and a = −1.

The worldsheet Hamiltonian is thus

H = 2α′p+p− = L⊥
0 − 1.
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