
5/13/13 Lecture 13 outline (that’s three 13’s... a lucky omen!)

⋆ Reading: Zwiebach chapter 7,8.

• Last time: symmetries and conservation laws. Recall charge conservation ∂µj
µ = 0,

which is related to gauge invariance, δL = 0 under δAµ = ∂µf . Recall Noether’s

theorem for L(q, q̇), if continuous symmetry δqi then piδqi is conserved. For S =
∫
dξ0 . . . dξkL(φa, ∂αφ

a), a symmetry δφa implies a conserved current jα = ∂L
∂(∂αφa)δφ

a.

For LNG, get conservation of jaµ = Pa
µ (where a = σ, τ) is the conserved Noether

current for spacetime translation invariance, δXµ = ǫµ. The string equations of motion

are equivalent to the worldsheet conservation of this current: ∂aj
a
µ = 0. The spacetime

momentum of the string is the corresponding conserved charge: pµ =
∫
dσPτ

σ . (More

generally, it is
∫
(Pτ

µdσ−Pσ
µdτ).) This is conserved for the closed string or open Neumann

BCs. Not conserved for Dirichlet BCs.

The Lorentz symmetry comes from the worldsheet symmetry δXµ = ǫµνXν , which is

a symmetry if ǫµν = ǫ[µν]. The associated conserved currents are Mα
µν = XµPα

ν −(µ ↔ ν).

The corresponding charges Mµν =
∫
(Mτ

µνdσ − Mσ
µνdτ) are the angular momenta (and

M0i is related to the center of mass position at t = 0).

• T0 ≡ 1/2πα′h̄c. Consider string in 12 plane. Find that the rotational angular

momentum hasM12 =
∫ σ1

0
dσ(X1Pτ

2 −X2Pτ
1 ), which using above ~X(t, σ) and ~Pτ = T0

c2
∂t ~X,

leads to M12 = σ2
1T0/2πc. Since σ1 = E/T0 and M12 = J , this gives J = α′h̄E2, which is

the Regge trajectory observation of the early ’70s. ℓs = h̄c
√
α′.

• Aside, for later: the string worldsheet analog of Sparticle ⊃
∫
qAµdx

µ is Sstring ⊃
−
∫
Σ
Bµν∂τX

µ∂σX
νdσdτ .

• Next topic: light cone: a± = (a0 ± a1)/
√
2, so a · b = −a−a+ − a+a− +

∑
I a

IbI ,

where I = 2, . . . runs over the transverse space directions. Ugly, but can help quantize.
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