5/16/12 Lecture outline
* Reading: Zwiebach chapter 10.
e Last time, consider classical scalar field theory, with S = [ dP x(—%n“”@ugb@ygb —
1m2$?). The EOM is the Klein-Gordon equation

(02 —m*p=0, 0°=—-—=5+ V>

The Hamiltonian is H = [ dP~1z(3112+1(V¢)2 + 2m?¢?), where Il = 9L/0(dpp) = o
Take e.g. D =1 and get SHO with ¢ = ¢ and m — 1 and w — m.

Classical plane wave solutions: ¢(t, %) = ae_iEt”ﬁ'i + c.c., where E = E, =
VP2 +m?, and the +c.c. is to make ¢ real. Letting ¢(x f (27r)D e’?*¢(p), the real-

ity condition is ¢(p)* = ¢(—p) and the EOM is (p? +m )qb( ) =0.
e Now consider light cone gauge coordinates. Replace 0° — —20,0_ + 0;0; and

Fourier transform in all coordinates except x:

dD 2pT — I S —
(z)( / / 27T 53¢ " ptT ik pT¢(x+,p+,pT).

Then the EOM becomes

o, 1 .
(2&1:—4_ 2p_|_ (p p +m ))¢<x+7p+7pT) =0.

Looks like the non-relativistic Schrodinger equation, with x playing the role of time and
p* playing the role of mass, even though it is secretly relativistic.

e Let’s quantize! Replace ¢ with an operator. Consider

-\ . iD-T T —ip-x
(t, %) = e  +ag(t)e”T).
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If we’re in a spatial box, then p;L; = 27n;. Compute the energy to find
—Z—aa )+ 35 Eaa ZEpa;;aﬁ.
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where the EOM were used in the last step: az(t) = agye "t + aT_ﬁeiEPt. Also,
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As expected, H and P are independent of t. We quantize this as a (complex) SHO for
each value of p:
[apv az] = 5;D,kv [apv ak] = [agw a;] = 0.

and interpret the above H and P has saying that alﬁ is a creation operator, creating a

state with energy E, = \/p? + m? and spatial momentum § from the vacuum |Q). (Note
that we dropped the 2 - %Ep groundstate energy contribution, for no good reason. This is
the road to the unresolved cosmological constant problem, so we won’t go there.)

e Now consider the Maxwell field A* and quantize — photons. Maxwell’s equations
in vacuum are 9, F* = 0, which with F,, = 9,4, — 0, A, give 0?A* — 9"(d - A) = 0.
In momentum space, p>?A* — p*(p - A) = 0. The gauge transformation A, — A, + 9, f
becomes dA,, (p) = ip,f(p). In light cone gauge, we use this freedom to set AT (p) = 0.
Taking p = + in the EOM then implies (p- A) = 0 (which implies that A= = (p! AT)/p™)

and it then also follows that p?A#(p) = 0. So we see that there are D — 2 possible photon
)
p+’ﬁT :
e Gravitational light cone gauge conditions: h*+ = ht—= = h*! = 0. Other light

polarizations, with the 1-photon states given by 2?2—21 &ra

cone components are constrained. So physical d.o.f. are specified by a traceless symmetric
matrix h/7 in the D — 2 transverse directions. So 3(D —2)(D—1)—1= 3D(D—3) d.o.f..



