Physics 220, Lecture 19

* Reference: Georgi.

e Last time: Clebsch-Gordon decomposition, via Young tableaux. Put as in the top
row and bs in the bottom. No two as or bs in same column and also, reading diagram
Hebrew style, number of as must be greater or equal to number of bs. E.g. (1,1) x (1,1) =
8 x8=1(2,2)+(3,0)+(0,3) + (1,1) + (1,1) + (0,0) =27+ 10+ 10 + 8 + 8 + 1.

The two 8s on the RHS means that there are two independent ways to make a singlet
from three adjoints, A, B, C. These can be thought of as f ~ Tr(A[B,C]) and d ~
Tr(A{B,C}), e.g. £ ~ Tr(T[T® T¢]), and d**¢ ~ Tr(T*{T®,T¢}).

e Back to SU(3)p. Form baryons from 3 quarks, 3 x 3 x 3 =1+ 8+ 8+ 10. The 8
are the spin j = 1/2 baryons, the P, N, and friends. The 10 are the j = 3/2 baryons, the
AtTHH0= 50— =40 O~ Recall Q =T3 +Y/2and Y = B + S = 2T3//3.

e Wigner-Eckart type analysis of mass splittings in the SU(3)r baryon multiplet,
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H ~ Hyg + Hys, where Hyg commutes with SU(3)p and Hy g = [Tg];O*i trans-
forms like the adjoint. Then (B|Hss|B) involves two independent matrix elements, corre-
sponding to the two 8s in 8 x 8. So (B|Hys|B) = XTr(B'BTs) + YTr(BTsB). Implies
the Gell-Mann-Okubo formula, 2(My + Mz) = 3My + My, which can be solved for Mjy.
Plugging in My = 940, Ms, = 1190, M= = 1320M eV, gave M = 1110M eV, which was a
prediction that turned out to be correct (less than 1% error).

e SU(3)¢ and quarks.

e General SU(N). The simple roots, o; with ;- a;j = ;5 — %51-,]&1. The fundamental
N has weights given by N vectors, each N —1 dimensional, which can be written as v; with
components [v;],, = [Hpi; these vectors satisfy Zf\il v; =0and v; - v; = —ﬁ + %517,
i = 1...N. The simple roots can be written in terms of these as o; = v; — v;_1. The
fundamental weights are p1; = 2{:1 v;. The general irrep has highest weight p = ", qr /.
This is represented by the Young tableau with g columns having k& boxes. Again, the
procedure is to first symmetrize in the rows and then antisymmetrize in the columns. Can
also write the irrep as [(1,{o, ...], where ¢; give the number of boxes in each column, e.g.

the adjoint is [N — 1, 1].



Find the dimension of the irrep by the factors over hooks rule, F'//H. Recall for Sy
the irreps can also be written as Young tableau, and there the dim of the irrep was n!/H.

e SU(4) example, and relation to SO(6).

e Approximate SU(6) spin flavor symmetry. SU(6)sr D SU(3)p x SU(2)s with
6 — (3,2). The baryons fit into the 56 — (10, 4)+(8, 2), corresponding to being completely
symmetric objects in the spin and flavor indices of three quarks. The Pauli principle
complete antisymmetry comes upon including SU(3)¢, since they are all color singlets.

The magnetic moment egd’/2m is in the adjoint of SU(6), so consider matrix elements
(56/35|56). Show there is a single 56 in 35 x 56. So the magnetic moments are all related
to each other, all can be determined from any one in the approximation where SU(6)
works. Implies e.g. pp/pun = —3/2, which is pretty close: up ~ 2.79(e/2m,) and py =~
—1.91(e/2m,). Understand from the quark model, e.g. p, ~ 3 from the quarks.

e SU(3) x SU(2) x U(1)y representations of the quarks and leptons.

e SU(5) and its SU(3) x SU(2) x U(1) subgroup.

e For SO(2r), the fundamental has weights given by +ej, where ej are unit vectors
with components [ex]m, = 0gm. The roots are te; + ej with k # j, the positive roots are
ej e, with j < k, and the simple roots are e; —ejy; for j =1...7—1, and also e,_; +e,,
where the last two are the ones at the end of the Dynkin diagram, both attaching to the
previous one. For SO(2r + 1) the simple roots can also be written in terms of the same
ej, but with the last one, e,_; + e,, replaced with just e,. The fundamental weights of
SO(2r+1) are p; = Z{C:l ey and p. = 3 > _, ex. The last one is the spinor. For SO(2r)
there are two spinors, pu, = %(el +...4+e —erp1) and g = %(el +...te +ept).
The spinors of SO(2r + 1) are real or pseudo-real. The spinors of SO(2r) can be real,
pseudo-real, or complex (e.g. SO(8k + 2) and SO(8k + 6) have complex spinors.

e SO(10), vector, and spinors. Example of weights of the 16 spinor irrep. The SU(5)
subgroup.

e SO(2r) and SO(2r 4+ 1) and their SU(r) subgroup. Start with Clifford algebra,
{T;,T';} =26;; for i,j = 1...N and form M;, = L [I';,T'x], which form a rep of SO(N).
Consider A; = %(sz—1 —iI'y;) and A; = %(sz—1 + il'3;), which satisfy {Aj,AE} = Gjk,
and all other anticommutators vanish. Can form SU(r) generators T, = ) ik A; Tk Ak
Under this SU(r) subgroup, the spinors are ). _,[2j] and 377 _o[25 + 1].



