Physics 220, Lecture 10
* Reference: Georgi chapters 2-5.

e Last time: g(a) = eio‘ATA, and group multiplication requires
[TA7TB] = 2.fABCiTC?

and then vo = aafpfapc. If there is a unitary rep, the T4 are hermitian and then it
follows that the f4pc are real, since [T4, TP|' = [TB, T4]. Can normalize by Tr(T,T;,) =
kadap, where k, > 0 for compact Lie algebras, and can take all k, = A. Then fup. =
—iATITr([T?, T®)T°) is completely antisymmetric in the 3 indices. Simplest case: fapc =
€Aapc, with A =1...3.

Georgi: fun with exponentials, e.g. 0, e'®X" f dse?s@aXa (1 X )et(1s)aeXe

e Adjoint representation: (T,)pe = —ifabe. Since fape is completely antisymmetric
and real, T, in the adjoint representation are hermitian, showing that the adjoint rep is
unitary.

e SO(3), O(3), and SU(2): fabe = €abe; Tuw = Jo angular momentum (h = 1).

SO(3) rotations: R~(v), with R~(7) = R_~(m): ball with antipodal points on bound-
ary identified. R(«, 3,7) = Rs(a)R2(8)R3(v). In SU(2):

e~ " etN/2 cos(8/2)  —e H@=1)/25in(3/2)
j 1/2( 67 ) e—i(a—v)/Q Sll’l(ﬁ/2> ei(a—‘,—'y)/Q COS(ﬁ/2>

The Cartan subalgebra is the subalgebra of commuting generators. Here it is one
dimensional, generated by say J3. The basis of a rep can be chosen to be eigenstates of the
Cartan, and let j label the highest eigenvalue, Js|j, a) = j|j, @). Using J* = (J; +iJ5)/v2
and [J3,JJ1] = £J4 and [J4, J_] = J3, then J; must annihilate the state with highest .J3
eigenvalue. Since J_ lowers the eigenvalue, Jy|m,a) = N,,|m—1,a); also J*|m—1,a) =
Ny|m, ). Get N; = \/j and N2, = N2 | +n. Solution is N,, \/_\/j—f—m (j—m+1).
Since lowering must eventually also stop giving new states, j is integer or half-integer.
Write |jm), with Ji|jm> =/ Em+1)(GFm)/2j,m+1).

For j =3, J, O'a, fundamental representation. For j = 1 (adjoint rep),
1 0 1 0 1 0 —i O 1 0 0
J=—1[1 0 1}, Jo=—7|¢ 0 —i|, J3s=10 0 0
V2 0 1 0 V2 i 0 0 0 -1



