5/22/09 Lecture outline

* Reading: Zwiebach chapter 11 and 12.

e Finish from last time the gauge field in light cone gauge. Maxwell’s equations in
vacuum are 0, F'*¥ = 0, which with F,, = 0,4, — 0, A, give O2Ar — MO - A) = 0.
In momentum space, p>?A* — p*(p - A) = 0. The gauge transformation A4, — A, + 9, f
becomes dA,,(p) = ip,f(p). In light cone gauge, we use this freedom to set AT (p) = 0.
Taking 4 = + in the EOM then implies (p - A) = 0 (which implies that A= = (p! A%)/p™)
and it then also follows that p?A*(p) = 0. So we see that there are D — 2 possible photon
polarizations, with the 1-photon states given by 2?2—21 13 Iazl)i’ﬁT |2).

e Recall the relativistic point particle, with S = [ Ldr and L = —m+/—2, where é%.
(T is taken to be dimensionless.) The momentum is p,, = dL/0i* = mi, /v/—i2 and the
EOM is p, = 0. In light cone gauge we take z* = p*7/m?2. Then p* = mi™/v/—22 and
the light cone gauge condition implies #? = —1/m?, so p, = m?i,. Also, p> + m? =0
yields p~ = (p!p! +m?)/2p*, which is solved for p~ and then &~ = p~ /m? is integrated to
Lxg,ph,ph).
e Heisenberg picture: put time dependence in the operators rather than the states, with
[q(t), p(t)] = i and

x= =p 1/m?+xy. Also, 2! =z +p’7/m?. The dynamical variables are (z

d 00
—O(t) =1— + |0, H|.
For time independent Hamiltonian, we have |¢(t))s = e *t|¢)) g and O = et Oge 1,
e Quantize the point particle in light cone gauge by taking the independent operators

L ay,pl,p"), with [2f,p/] = in!/ and [z5,pT] = in~F = —i. These commutators

(z
are for either S or H picture, with the operators being functions of 7 in the H picture.
The remaining variables are defined by = (1) = ptr/m? 27 (1) = 25 + p~7/m?, p~ =
(p'p! +m?)/2p* (the first two are explicitly 7 dependent even in the S picture).

The Hamiltonian is ~ p~, which generates a%r translations. Since % = 1’7’1—28% —

+
Lsp~ the Hamiltonian is

+ —
pp 1
H="0 =5 5@ +m)
Verify e.g.
d dx’! p!
—pHt = [pH. H] = ) —— = 1 H|=i1—
OV N L
reproducing the correct EOM. Likewise, verify #; = 0 and & = 0,27 = pT/m?.

The momentum eigenstates are labeled by |p*, p!) and these are also energy eigenstates,

Hp*,pl) = 55 (p'p! + m?)|p*, pl).



e Connect the quantized point particle with the excitations of scalar field theory via
Pt ") < al, .19,

The S.E. of the quantum point particle wavefunction maps to the classical scalar field

equations, e.g. in light cone gauge:
- L1 2 + I
(7’87' - m2 (p p +m ))¢(T7p D ) =0

is either the quantum S.E. of the point particle or the classical field equations of a scalar
field.

e Lorentz transformations correspond to the inf. transformations dx* = e*"x,, and
the corresponding conserved Noether charges are the generalized angular momenta M*" =
xtp” —xVpt. These generate rotations and boosts. Have e.g. [MH* zP] = intPz? —in"Pat
and [M", MP°| = in"*? M"? £ (perms).

In light cone coordinates, have M1/, M+ M+~ withe.g. [M+—, M+ =iM*! and
[M~1, M~7] = 0. There are some ordering issues for some of these, where operators which
don’t commute need to be replaced with symmetrized averages, e.g. M+~ = —%(m& pT+
ptay) and M~ =agp! — S(alp™ +p ).

e Open string. Imposed constraints (X + X')? = 0 to get

1 / 1 .
o _ _ X T _ XH
P 2ma! ’ P 2ma!

In light cone gauge, much as with the point particle, the independent variables are
(XTI, (0)zg,P™ (o), pT). In the H picture the capitalized ones depend (implicitly) on 7

too. The commutation relations are
(X' (0), P (o) =in"6(c—0'),  [xg,pT]=—i.
The Hamiltonian is taken to be

H=2dpp™ = 2o/p+/ doPT~ = 7ro// do(PTIP™ + XU X" (27a’)72)
0 0
Can write H = Lg since Ly = 2a/pTp~.

This H properly yields the expected time derivatives, e.g. X! = 27a/P7L.
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Recall the solution with N BCs:
1 .
X1(r,0) =z} + V2ol 4+ iv2a/ E —al cosnoe™ 7. (1)
n
n#0

The needed commutators are ensured by

I J]

o 1T
[, ] = M0 O 0-

Also, as before, we define af = v2a/p’. Now define ofi. ; = y/na’ and o, = a*\/n to
rewrite the above as
[l 0’ = ™. 2)

m?

e The transverse light cone coordinates can be described by
IyI I' T
Sie. /deJ47ro/ (XIXT - xT'xT).

Gives correct P71 = 9L/0X T and correct H = [do(PT'XT - L).
Writing X7 (7,0) = ¢! (1) +2vVa/ 3°°° | ¢k (7)n~/2 cos no and plugging into the action

above gives
n
S = /dT S glg + Z —qnqn )
and -
n
H=a'p'p" +) 5 (0hph + ndn).

A bunch of harmonic oscillators. Relate to (1) and (2), showing that the a,, can be
interpreted as the usual harmonic oscillator annihilation operators.

e Xt(10) = 2a’p+7‘ = V2a'af 7. For X~ recall expansion, with v/2a/a;, = LLL
where L = ;Z of ol

guity here, only for Lg:

[e.]
L aoozo-l— E oz_p p E aa
p=1

Ended here. Finish next time:

is the transverse Virasoro operator. There is an ordering ambl—

The ordering in the last terms need to be fixed, so the annihilation operator «y, is on

the right, using alfjaf_p = al_pai + [04117, ozl_p], which gives

Ly =a'p'p’ + ZnaIT !

n=1



where the normal ordering constant has been put into

1 o0
2a’p—:p—+(L3+a), a=1D-2)> p
p=1

This leads to
1 [ )
M? = a(a + ngl nalfal).

The divergent sum for a is regulated by using ¢(s) = > -, n~* and analytically continuing

to get ((—1) = —1/12. So

1
=——(D—-2).
a=—7( )

e Virasoro generators and algebra (corresponds to worldsheet energy-momentum ten-
sor). Since (al)t =al,  get L:T =Lt . Also,

1

[Lfn,o/] = N0, |-

n

D -2
[LrJ;m L’I’JL_] = (m o n)LrJz_—l—m + T(mg o m)5m+n,0'

e Spacetime Lorentz symmetry corresponds to conserved currents on worldsheet, with

conserved charges

Moo= | (X,P = (= )i

Plug in P] = 2;' X* and plug in oscillator expansion of X* to get

—_n-"n

[e.¢]
1
MY Mo v |7 - M v v
M"Y = xyp” — xgp —25 E(a_nan—a ak).
n=1

In light cone gauge, have to be careful with M ~7, since X~ is constrained to something

complicated,

1 , 1
X (r,0) =25 +V2dag T+ V2 E —a,, e """ cosno, V2da, = —+L7f.
n p
n#0

and also careful to ensure that [M~!, M ~7] = 0. Find, after appropriately ordering terms,

1 i =1
-1 _ ,—. I I/irL 1 AN L 1 T 1
M =Ty P 4(1/’p+ (CEO(LO + CL) + (LO + CZ)QZO) \/@p"— z:l n(L—nan a—nLn )



Then get

(M~ M~ ap+22 L= (I = J))[m(1=((D~2)/24))+m~* (((D~2)/24)+a)].

Since this must be zero, get D = 26 and a = —1.

The worldsheet Hamiltonian is thus
H=2dptp = L(J)‘ — 1.

e The states are obtained as

co 25
— T T2 v, -
n=11=2
These states are eigenstates of

1
MQZJ(—l—i—NL), NL—Z:naIJr !

with eigenvalue

M?==14>" niur.
n I

The groundstate is tachyonic (!). The first excited state is a massless spacetime vector
with D — 2 polarizations, i.e. a massless gauge field, like the photon (but in D = 26)!
The tachyon is related to the fact that the D25 brane is unstable, it decays to the
closed string vacuum. The closed bosonic string is also unstable, as we’ll see next time.
These instabilities can be cured by adding fermions and considering the superstring. Then

the critical spacetime dimension is D = 10.



