5/8/09 Lecture outline
* Reading: Zwiebach chapter 9 and 10.
e Last time: exploit (7, 0) reparameterization symmetry to simplify the equations of
motion, by setting
X -X'=0 X?+X?=0. (1)

In this case, we have

. 1 /
Xn por= X (2)

PTH =
2mo! 2ma

and then the EOM is simply a wave equation:
(07 = 97)X" =0. (3)
The general class of gauges which we consider, and which do the above, is

n-P? =0, n-X = pd (n-p)r, n-pzﬁn-PT,

where 3 = 2 for open strings and 5 = 1 for closed strings. These lead to (1), (2) and (3).

e We will later focus on light cone gauge: n, = (1/v/2,1/1/2,0,...). Introducing n*
obscures the relativistic invariance in spacetime. Why would we want to do that? Well we
wouldn’t, except that it happens to have some other benefits once we quantize the theory.
It gives a way to determine the spectrum without having to introduce unphysical states.
There is a covariant approach, but it requires introducing unphysical states (“ghosts”) and
then ensuring that they are projected out of the physical spectrum — doing this requires
sophisticated theory which is only taught at the advanced graduate student level, so we’ll
stick with the simpler (and in the end physically equivalent) light-cone gauge description.

e The general solution of the linear equations (3) is a superposition of Fourier modes
XH(r,0) = xf +2a'p'T + V2 Z ﬁa‘ﬁe_””cos no,
n#0
where o, = a#* (to make X* real) and it’s also convenient to define oy = v2a/p*. Then

Xt 4+ XM =2 Z a‘ﬁe_m”i").

n=—oo

In light cone gauge take n, = (1/v/2,1/v/2,0,...). Then n- X = X and n-p = p*,

so our constraint gives X+ = Ba/ptr and p™ = 27P7T /3 (again, B = 2 for open strings
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and 8 = 1 for closed strings. Also note, X’T = 0 and Xt = Ba/pT); of course, pt is
a constant of the motion. Since the constraints give (X + X/)2 = —2(X* £ X't)(X~ +
X'+ (X' £ X'T)2 = 0, we can write this as 9, X~ +9, X~ = QL(XIj:XI )2, where

I are the transverse directions. This leads to

This means that there is no dynamics in X ~, other than the zero mode. For n = 0, using
ay = V2a'p~ get 2a'pTp~ = Lg. Light cone gauge allows us to make X+ a constant, and
to solve for the derivatives of X~ (without having to take a square root). Finally, note

that the string has
M2 = —p? = 2ptp — Z al*al.

See that all classical states have M2 > 0.
e Consider classical scalar field theory, with S = [ de(—%n’“’Bugb@ng — %ngbz). The
EOM is the Klein-Gordon equation

(02 —m*p=0, 0°=—-—=5+ V>

The Hamiltonian is H = [ dP~'z(3112+ 1(V¢)2 + 3m?¢?), where Il = 0L/9(dp®) = 0o
Take e.g. D =1 and get SHO Wlth q— ¢ and m — 1 and w — m.

Classical plane wave solutions: ¢(t,7) = ae_iEt”ﬁ'i + c.c., where E = E, =
V/P? +m?, and the +c.c. is to make ¢ real. Letting ¢(z) = [ (%)De”’ o(p), the real-

ity condition is ¢(p)* = ¢(—p) and the EOM is (p? + m )qb( ) =0.
e Now consider light cone gauge coordinates. Replace 0 — —20,0_ + 0;0; and
Fourier transform

dP- 2pT it BT .
oz, 27, Tr) / / P HETPT g (ot ot ).

271-D2

Then the EOM becomes

0 1 .
(i Uy 2]?(1?]1?] +m?))p(z, pt, pr) = 0.

Looks like the non-relativistic Schrodinger equation, with x playing the role of time and

p' playing the role of mass, even though it is secretly relativistic.
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e Let’s quantize! Replace ¢ with an operator. Consider

L1 I
¢(t,$) - \/V ; \/E@Lp(t)

ip-T T —ip-x
e +ay(t)e ).

If we’re in a spatial box, then p;L; = 27n;. Compute the energy to find

H=Y (=—a'a(t)+ 1Eya’a) = Z Epa;aﬁ.
P

where the EOM were used in the last step: az(t) = agye "t + aT_ﬁeiEPt. Also,

F=Y julay

—

p

As expected, H and P are independent of t. We quantize this as a (complex) SHO for

each value of p:

ap, al] = 6p i, lap, ar] = [al, af] = 0.

and interpret the above H and P has saying that alﬁ is a creation operator, creating a

state with energy E, = \/p? + m? and spatial momentum § from the vacuum |Q). (Note
that we dropped the 2 - %Ep groundstate energy contribution, for no good reason. This is
the road to the unresolved cosmological constant problem, so we won’t go there.)

e Now consider the Maxwell field A* and quantize — photons. In the vacuum, setting
j* = 0, we have 9,F"* = 0, which implies 924* — 9*(d - A) = 0. Massless. Fourier
transform to A*(p), with A#(—p) = A*(p)*, and get (p?n*" — pHp*)A,(p) = 0. Gauge
invariance 64, (p) = ip,e(p). In light cone gauge, since p* # 0, can set AT (p) = 0. Then
get A= = (p! AT)/p*,i.e. A~ is not an independent d.o.f., but rather constrained, and the
Maxewell EOM gives p? A*(p) = 0. For p? # 0, require A*(p) = 0, and for p? = 0 get that
there are D — 2 physical transverse d.o.f., the A’(p). The one-photon states are

e Gravitational light cone gauge conditions: h*+ = ht~ = h*! = 0. Other light
cone components are constrained. So physical d.o.f. are specified by a traceless symmetric

matrix h/7 in the D — 2 transverse directions. So 2 D(D — 3) d.o.f..



