4/10/09 Lecture outline

* Reading: Zwiebach chapter 3.

e Use units where Maxwell’s equations are V X E = —%@é, V. B= 0, V- E = 0,
V xB = %;4— %@E. The first two equations can be solved by introducing the scalar
and vector potential: B = V x ff, E = —%Btff — V¢. There is a redundancy here,
called invariance under gauge transformation, because the physical quantities E and B are
invariant under
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for an arbitrary function f (¢, Z). This initially dull sounding invariance takes a fundamental
role in modern high energy physics: such local (because f can vary locally over space-time)
gauge symmetries are in direct correspondence with forces!

e Maxwell’s equations in relativistic form. Like last time, z# = (ct,Z) and also use

9, = (cdy, V) (and thus O* = (—cd;, V)). E and B combine into an antisymmetric,

2-index, 4-tensor F,, = —F,,, via Fy; = —E; and Fj; = eijkBk, i.e.

0 —-E, —E, —E.
E, 0 B. -B,
E, —B. 0 B,
E. B, —-B, 0

F,, =

As usual, we can raise and lower indices with 7,,, e.g. F/* = Y7 Fy, and with the
book’s sign convention this gives a minus sign each time a time component is raised or
lowered. So F = —Fy; and F = F;;, where i and j refer to the spatial components, i.e.
the matrix F'*¥ is similar to that above, but with E — —E.

Under Lorentz transformations, z#* = A* .z, the electric and magnetic fields trans-
form as FH'"' = A“/O.A”/pF"p. Sources combine into a 4-vector as j* = (cp,f), and charge
conservation is the Lorentz-invariant equation d,,j* = 0. Maxwell’s equations in relativis-
tic form are 9, F,; = 0, and O\F pA = % j* (this convention, with indices not next to
each other contracted, is peculiar to the (— + +4) choice of 7,,), which exhibits that
they transform covariantly under Lorentz transformations. The scalar and vector poten-
tial combine to the 4-vector A" = (¢, ff) and the first two Maxwell equations are solved
via F*v = 9t A¥]. The gauge invariance is A* — A* 4+ 9* f. We can e.g. choose Lorentz
gauge, where 9, A" = 0. Physics is independent of choice of gauge, but some are sometimes
more convenient than others along the way, depending on what’s being done. In Lorentz

gauge, the remaining Maxwell equations are 0,,0* A" = —% j¥ (still some gauge freedom).
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In empty space we set j* = 0 and the plane wave solutions are A* = €"(p)eP®, where
p? = 0 (massless) and p-e = 0. Can still shift e# — e* + ap#, so 2 independent photon
polarizations €.

e The action of a relativistic point particle in the presence of electric and magnetic
fields is

S = /(—mcds + gAudaj“), (2)
c

which is manifestly relativistically invariant. Note also that, under a gauge transformation,
we have S — S + %, which does not affect the equations of motion (just as changing the
Lagrangian by a total time derivative does not).

The lagrangian is thus L = —mcm + 249 A-— q®. The momentum conjugate
to 7 is P = OL/07 = mv/\/1 -2/ + %/f The Hamiltonian is H = ¢ - P — L =
\/m2c4 +2(P — %E)Q + qo.

In the non-relativistic limit we have H = %(]3 — %/T)Q + qo, where P — %ff = mu.

The electric and magnetic fields themselves have a lagrangian, with action

1 1
S = /d4$£, L= _ZFHVFHV —+ EAHjH.
e In quantum mechanics, we have [wk,P‘)] = ihé®*, so we replace P — —ihV in
position space. The S.E. is Hy = th0;». Note that the derivatives only appear in the

“covariant derivative” combination

D, = au - Au- (3)

i
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This is crucial for gauge invariance of physics.

The reason is that gauge invariance is more interesting in quantum theory, as the

wavefunction changes under gauge transformations:
U(t,T) — eiqf(t,f)/h%(t, ), (4)

which leaves the probability density and current unchanged. (One way to see this is via
Y ~ €*3/" and noting from the above expression for S that that S — S + ¢f/c.)

The above covariant derivatives have the property that D,y — etaf/ hCDM@b under
a gauge transformation, with the shift A, — A, + 0, f canceling the bad term ~ 9, f.
Because derivatives are all covariant, the local parameter f(x) always only enters as an

overall phase, which remains physically unobservable upon computing probability || - ||2.
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Gauge invariance says that physics observables can’t notice gauge transformations by
arbitrary f(z). This phase transformation is called U (1) gauge invariance, i.e. we can take
¢ — U(z), where U(z) = €4/ is an arbitrary local U(1) symmetry transformation.
This is why electromagnetism is called a U(1) gauge theory in modern high energy physics,
where gauge symmetries are fundamental, and in direct correspondence with the funda-
mental forces. Each of the 4-known forces is associated with a gauge invariance. (Gravity’s
is general coordinate invariance.)

The U(1)gy symmetry is the symmetry of rotating a circle. In Kaluza-Klein theory,
this circle is that of the compact 5-th dimension! Since charge is quantized, ¢ = ne,
where —e is the charge of an electron, the gauge symmetry above doesn’t even change the
wavefunction if f — f + 27he/e

Another idea for charge quantization: monopoles and Dirac quantization. In vacuo,
Maxwell’s equations are symmetric under E— Band B— —E (in relativistic notation,
Frv — et | Y. Dirac string and e/ — eis/h-l-eiefg'df/hc SO f/fda_:’ = fé-dc_i = 4ng
where eg = %hcn, with n an integer. We haven’t seen a monopole yet, but inflation could
have removed them. Also in GUTs, U(1) g is part of a larger symmetry, which leads to
monopoles and charge quantization.

e Electromagnetism in other dimensions: F* = 9FA*! and O FH = % Jv.

So e.g.
a point charge ¢ makes an electric field with V - E = q6%(Z) in a world with D = d + 1
spacetime dimension (the +1 is the time dimension, and there are d spatial directions),
SO [qa—1 E-dd = q. Thus E = E(r)7 with E(r) = ¢/r%Lvol(S41), where vol(S41) =
21?2 /T'(d/2) is the volume of a unit sphere surrounding the charge. Finally, we get that
a point charge makes electric field given by E(r) = I'(d/2)q/2n%?r?=1. For d = 3, get
E(r) = q/4nr?, which is the usual answer in these units.

e Gravity has general coordinate invariance, 2# — z* (z*). At the linearized level,
take g, = 1y + by and oM =gkt e (x), with dhy, ~ 0(,€,).

Recall mp = /hc/G = 2.176 x 10~ °g.

In 4d, we have gravitational potential given by Vg(4) = —GM/r, which solves
VQVQ(D) = 47G(P)p,,. This is taken to be the gravitational potential equation in any
spacetime dimension, with gravitational force taken to be ' = —mVV,. Inh =c =1
units, get G = Eg_Q in D spacetime dimensions. Get GP = GV, where V¢ is the com-
pactification volume.

be = EEDD)(ES;D)/EP)Q/(D_‘”, can imagine e.g. EEDD) ~ 107 ¥cm instead of £p ~ 10733cm
(i.e. lower gravitational physics effects to M I(DD) ~ 20TeV from Mp ~ 10*TeV) which for

D = 6 gives {c ~ 1073cm — large extra dimensions.



