4/17/07 Lecture 5 outline

e The time evolution of a free particle is given by

(e, t) = /_ L), () - /_ e M, = 0),

We can also write ¢(p,t) = ¢(p)e "F@P/ 50 o(x,t) is the Fourier transform of ¢(p, t).

e Suppose ¢(p) is peaked at p = pg, with width Ap. Then expand E(p) = FE(po)+ (p—
po) L+ 5 —p0)2”f127];3 +.... Let B = 1d*E/dp?, then for t < 1/8(Ap)?, find |¢(z,t)]* ~
[9(z —vyt, 0)|%: packet moves with velocity given by the group velocity, v, = dw/dk, which
for us is now v, = dE/dp = p/m, which is indeed reasonable: the group velocity equals
the particle’s velocity. The spreading of wave packets is generally given by d?w/dk?, which
for us is d>FE /dp?, which is 1/m for a non-relativistic particle.

e For example, suppose

1 1
V2no V2o

which is of the Gaussian form, with average momentum pg. Yields

exp(—(p — po)?/26?),

1/2
oyt =0) = ( ) ¢Po /T oxp(—a [402) — |o(p)]? =

1/2
v = (\/ 27 (o +17lth/2m0)> ePo@=pot 2N exp(— (2 —pot/m)? /4(o +ith/2ma)?).

Another gaussian. In particular, |¢(z,1t)|?
width o(t) = \/02 + (ht/2mo)?. Spreading of the packet (just like diffraction): the more
the particle is localized, the more it will later spread out. E.g. an electron, localized
initially in o = 1071%n spreads to 1AU (= 8 x 60 x 3 x 10®m) in t ~ 9 x 1078s(!). Or 1

gram in o = 107%m spreads to 2 x 107%m in 1.6 x 10!°s(!). Uncertainty principle again.

is a gaussian centered at (xr) = pot/m, with

e Compute expectation values using probabilities, e.g.

{(f(z)) = /_Oo f@)(a,t)de,  (F(p)) = /Oo F(p)lé(p)|*dp.
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Can always compute either in position or momentum space, e.g.
R iy s o d
@)= [ 6 wOr om0 (FE) = [ @ OFCih e,

where ¢(p, t) = $(p)e P/ In position space, we replace p — —ih% and in momentum
space we replace r — ihd%. This lead into the basic postulates of Q.M.
e Examples: use above gaussian wavefunction, (p) = pg and (z) = pot/m. Expectation

values satisfy expected classical relations , example of Ehrenfest’s theorem.
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