11/16/16 Lecture 15 outline

o Last time: U = e~ i@ /0 4 unitary operator, in representation of the group SU(2).

The group multiplication law is ensured by
[Ja, Jb] = iheachc.

We can find simultancous eigenstates of J, and J2, since [J2,J,] = 0: write |a,b) as an
eigenstate of J? and J, with eigenvalues a, b. In such an eigenstate, it follows from the above
commutator that J, and J, will have some uncertainty if b # 0. Define Jy = (J, +iJ,),
which satisfy [J,, Ji] = £hJy and [J4, J_] = 2hJ,. Write these out explicitly for J —
$ha. If |a, b) is an eigenstate of J2 and J, with eigenvalues a, b, then J.|a,b) = cy |a, b£h).
The proportionality constant ¢+ will be determined from J+J4 = J?— J2FhJ,. Note first
that J2 — J? = %(J+Ji + JJ_JL J4+) must have non-negative expectation values in any state,
and therefore a > b2. So we can’t raise and lower b beyond Va; there is a by, and a byq.,
with J_|a, bymin) = 0 and Jy|a, bmaz) = 0. Obtain a = byae (bmaz + ) = bmin (bmin — 1),
SO bmin = —bmaz- Finally, can raise / lower one to the other, so bz — bmin = 2bmar = nh
for some integer n. There are then n + 1 values of b; e.g. for J — %h&’ we have n = 1
and this is a 2d representation. Write j = n/2 and then a = h%j(j + 1), and b = mh with
m=—j,—j+1,...,].

Considering matrix elements in |jm) states, which are orthonormal,

Jilj,m) = /(G Fm)(j £m+ 1)hlj,m+1).

e The rotation group elements are, in the j representation, given by (25+1) x (2j+1)
matrices:

D), = G| exp(=ilT - ¢/h)|j,m).

e Orbital angular momentum is a special case, where ¢ must be integral. Writing
L=7x p and going to |Z) basis, the L are angular derivatives: L, — —ih0y, L+ —
—ihe*?(£idp —cot 004). And L2 is related to the angular part of the Laplacian in spherical
coordinates. This is the same as how, in classical mechanics, we replace p? — p? + L2 /2.
(FLN0) = —h* (kg 03 + 0 (5im 00) (7).

The spherical harmonics are Y, (0, ¢) = (#¢|¢,m). E.g. their orthonormality con-
ditions are obtained by e 0pmm = (€'m/|tm) = [dQ'm'|0¢)(0¢|¢m), where dQ =
dpd(cos 0) is the solid angle element.



e Spherically symmetric V(r) means that [H, L,] = 0, so we can find simultaneous
eigenstates |E, £, m). Writing p? — p? + L?/r?, we find that Z|Efm) = Rg o(r)Ye.m(0, ¢),
where Rg , satisfies the radial SE
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It looks a little nicer for ug ¢(r) = rRg ¢(r):

h? d%u 00+ 1)R?
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If we assume that 72V (r) — 0 for » — 0, then the angular momentum barrier wins and
the SE implies u(r) — Arf*! + Br—¢ in this limit, and the condition that j, = 7-j =
%Im(w*&w) — 0 for » — 0 excludes the second term, so Rg, — rt for r — 0. So

wavefunction vanishes at origin except for £ = 0; this is the angular momentum barrier.



