
10/8 Lecture outline

⋆ Reading for today’s lecture: Coleman to end of lecture 4 (p. 37).

• Last time: symmetries of L and Noether’s theorem. If a variation δφa changes

δL = ∂µF
µ, then it’s a symmetry of the action and there is a conserved current: jµ =

∂L
∂(∂µφa)

δφa − Fµ.

Example: xµ → xµ + ǫµ, δφa = ǫν∂νφa, δL = ǫν∂νL (assuming no explicit x de-

pendence). Get Tµν = ∂L
∂∂µφa

∂νφa − gµνL. Stress energy tensor. Conserved charge is

Pµ =
∫
d3~xTµ0.

Another example: Λµ
ν = δµν+ω

µ
ν , leads to conservedMµρσ = xµTρσ−xσTρµ. Conserved

charge is Mρσ =
∫
d3xM0ρσ. Conserved angular momentum.

Another example: L = ∂µψ
†∂µψ − µ2ψ†ψ, has symmetry under ψ → eiαψ. Q =

(HW).

• Example from last time: L = 1
2 (∂µφ∂

µφ−m2φ2), gives Π = φ̇ and Π̇ = ∇2φ−m2φ,

the Klein-Gordon equation: (∂2 +m2)φ = 0.

• Consider the KG equation in 0 + 1 dimensions, i.e. the SHO: L = 1
2 φ̇

2 − 1
2ω

2φ2,

Π = ∂L/∂φ̇ = φ̇. Now quantize: [φ,Π] = ih̄, [a, a†] = 1, H = ω(a†a + 1
2 ). So a

annihilates excitations of energy ω ≡ m, and a† creates them. In the Heisenberg picture,

φ̂ =
√

1
2ω (ae

−iωt + a†eiωt); Π = φ̇ = −i
√

ω
2 (ae

iωt − a†e−iωt). Define |0〉 s.t. a|0〉 = 0, and

|n〉 = cn(a
†)n|0〉.

• Canonical quantization: generalize QM by replacing qa(t) → φ(t, ~x). QM is like

QFT in zero spatial dimensions, with the field playing role of position before:

[φa(~x, t),Πb(~y, t)] = iδabδ
3(~x− ~y) (Equal time commutators).

[φa(~x, t), φb(~y, t)] = 0.

• Quantize the KG field theory in 3 + 1 dimensions. Write

φ(x) =

∫
d3k

(2π)3
1√
2ω~k

[a~ke
−ikx + a†~k

eikx],

Π(x) = φ̇(x) =

∫
d3k

(2π)3
(−i)

√
ω~k
2
[a~ke

−ikx − a†~k
eikx],

Then canonical quantization implies that

[a~k, a
†
~k′
] = (2π)3δ3(~k − ~k′),
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creation and annihilation operators, with others vanishing. It will be useful to define

a(k) ≡
√
2ωka~k, so then the above becomes

φ(x) =

∫
d3k

(2π)32ω(k)
[a(k)e−ikx + a†(k)eikx],

[a(k), a†(k′)] = (2π)32ωkδ
3(~k − ~k′),

with the relativistic-invariant measures appearing.

The quantum field is a superposition of creation and annihilation operators. Note also

that

H = 1
2

∫
d3k

(2π)2(2ω)
ω(a(~k)a†(~k) + a†(~k)a(~k)),

~P = 1
2

∫
d3k

(2π)2(2ω)
~k(a(~k)a†(~k) + a†(~k)a(~k)),

Need to normal order the first term. Define : AB : for operators A and B to mean that

the terms are arranged so that the annihilation operators are on the right, so annihilates

the vacuum.
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