
10/28 Lecture outline

• Last time, conservation of momentum and angular momentum from spatial trans-

lation and rotation symmetry, respectively. Now consider time translations t → t + δt.

Recall that we showed before that
d

dt
[
∑

i

qi
∂L

∂q̇i
− L] = −

∂L

∂t
.

When L does not depend explicitly on t, time translations is a symmetry of the action,

and the corresponding conserved quantity is the Hamiltonian

H =
∑

i

∂L

∂q̇i
q̇i − L.

When this is conserved, it is the energy.

• H = H(q, p, t). Find dH and show q̇ = ∂H/∂p and ṗ = −∂H/∂q and dH

dt
= −∂L

∂t
.

• Get H = T + U if Cartesian ~ra = ~ra(qi) is t independent.

• Example where H is conserved but H 6= T + U , bead on spinning hoop. T =
1

2
ma2(θ̇2 + ω2 sin2 θ), U = −mga cos θ. Since ∂L

∂t
= 0, we have the conserved quantity

Hbead = pθ θ̇ − L = 1

2
ma2θ̇2 − 1

2
ma2ω2 sin2 θ −mga cos θ,

which differs from Ebead = T + U , Hbead = Ebead −ma2ω2 sin2 θ(t). Indeed, Ebead is not

constant, because external driver that’s spinning the hoop is doing t dependent work Wext

on the system.

• Example of charged particle in electric and magnetic fields, ~E = −∇φ − ∂ ~A

∂t
, ~B =

∇ × ~A.

L = 1

2
m~̇r

2

− qφ+ q~̇r · ~A.

Get ~p = m~v + q ~A. Gauge invariance. Hamiltonian.

• Now discuss systems with constraints. Example: pendulum:

L = 1

2
mℓ2φ̇2 +mgℓ cosφ

has 1 d.o.f., namely φ. Alternatively, we could use xbob = ℓ sinφ and ybob = −ℓ cosφ, with

the constraint x2

bob
+ y2

bob
= ℓ2. This is an example of a holonomic constraint, which more

generally are constraints of the form:

f(qi, t) = 0.

We want to extremize the action, subject to the requirement that the variations δqi should

satisfy the constraint. A way to do this is to introduce a Lagrange multiplier. We replace

the Lagrangian with

L+ λf,

where λ is the Lagrange multiplier.
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