
10/26 Lecture outline

• Last time, Noether’s theorem: continuous symmetries implies conservation laws. If

L is invariant under qi → qi(ξ), with infinitesimal change δqi =
∂qi
∂ξ

δξ, then

0 = δL =
∂L

∂qi
δqi +

∂L

∂q̇i
δq̇i =

d

dt
(
∂L

∂q̇i
δqi),

from which it follows that
∂L

∂q̇i

∂qi(ξ)

∂ξ
|ξ=0

is a conserved quantity.

• If L is independent of a coordinate q (”cyclic”), then there is a symmetry q → q+ ξ,

and the conserved quantity is simply the corresponding conjugate momentum p = ∂L/∂q̇.

The above result is more non-trivial when the symmetry is less obvious. Example: particle

in 2d with U = U(r) has symmetry φ → φ + ξ, gives conserved ℓ = mr2φ̇. Or use above

in rectangular coordinates, infinitesimal rotation δx = −dξy, δy = dξx, so δ~x = dξẑ × ~x,

gives conserved ~Lz.

• Example of helical symmetry: U(ρ, φ, z) = U(ρ, aφ+ z) has symmetry φ → φ + ξ,

z → z − ξa, gives conserved quantity mρ2φ̇−maż.

• Isolated system of particles has translation symmetry ~xa → ~xa+ξ~n. Gives conserved

quantity ~n · ~P , where ~P is the total momentum. Conservation of total momentum.

• Isolated system has rotation symmetry: δ~xa = ξn̂× ~xa. Gives conserved quantity

∑

a

∂L

∂ẋa

· n̂× ~xa = n̂ · ~L, ~L =
∑

a

~xa × ~pa,

i.e. conservation of total angular momentum.
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